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ABSTRACT 

The p rob lem o f  d e t e r m i n i n g  t h e  optimum d imen- 
s i o n s  of a l l  t h e  g e a r s  i n  a  m u l t i - s t a g e  reduction 
u n i t  a n d  t h e  optimum r e d u c t i o n  r a t i o  o f  e a c h  
g e a r  mesh h a s  been  i n v e s t i g a t e d .  One o b j e c t i v e ,  
namely ,  t h e  m i n i m i z a t i o n  of t h e  e q u i v a l e n t  mom-  
e n t  o f  i n e r t i a  f o r  a l l  t h e  g e a r s  is c o n s i d e r e d  
i n  t h i s  w o r k .  I n  a d d i t i o n  to t h e  d e s i g n  c o n -  
s t r a i n t s  a c c o r d i n g  to t h e  AGMA method,  som& 
c o u p l i n g  c o n s t r a i n t s  h a v e  been  i n c l u d e d  i n  
t h e  f o r m u l a t i o n .  The p r o b l e m  is  f o r m u l a t e d  a s  
a s t a n d a r d  m a t h e m a t i c a l  programming p r o b l e m ,  
and  n o n l i n e a r  programming t e c h n i q u e  is  u s e d  t o  
s o l v e  t h e  p rob lem.  The o p t i m i z a f  i o n  is  d e t e r -  
mined by g e o m e t r i c a l  programming ( G P )  combined  
w i t h  l i n e a r  programming ( L P )  . T h i s  m a t h e m a t i c a l  
programming a p p r o a c h  c a n  h a n d l e  a s  many c o n s t -  
r a i n t s  a s  r e q u i r e d ,  a n d  i t  i s  a n  e f f e c t i v e  app-  
r o a c h ,  s i n c e  f o r  a p r o b l e m  w i t h  many cons t ra in t s  
t h e  " d e g r e e  o f  d i f f i c u l t y "  is  l a r g e  a n d  t h e  
o p t i m i z a t i o n  p r o c e d u r e  becomes more complex  w i t h  
h i g h e r  d e g r e e s  o f  d i f f i c u l t y .  k n u m e r i c a l  example 
is  g i v e n  t o  i l l u s t r a t e  t h e  e f f e c t i v e n e s s  o f  t h e  
GP-LP a p p r o a c h ,  and  t h e  r e s u l t s  a r e  compared  
w i t h  t h o s e  a v a i l a b l e  i n  t h e  l i t e r a t u r e .  

INTRODUCTION 

S e r v o d r  i v e s  p r o v i d e d  w i t h  dc s e r v o m o t o r s  a r e  
d e s i g n e d  to  f o l l o w  v e l o c i t y ,  a c c e l e r a t i o n ,  a n d  
p o s i t i o n  command i n s t a n t a n e o u s l y  a n d  w i t h  g r e a t  
a c c u r a c y .  Many i n s t r u m e n t s  a n d  se rvomechan i sm 
d r i v e s  m u s t  a l s o  f u n c t i o n  i n t e r m i t t e n t l y ,  c r  be 



c a p a b l e  of c h a n g i n g  s p e e d  or s t a r t i n g  a n d  stopp- 
i n g  q u i c k l y .  A s  a r e s u l t ,  t h e i r  m e c h a n i c a l  and  
e l ec t r i ca l  c h a r a c t e r i s t i c s  a r e  q u i t e  d i f f e r e n t  
f rom t h o s e  o f  o t h e r  m o t o r s .  Whereas  o r d i n a r y  
motors a r e  s p e c i f i e d  by c u r r e n t ,  v o l t a g e ,  t o r q u e  
and  s p e e d  r a t i n g s ,  s e r v o m o t o r s  m u s t  be selected 
on t h e  basis  of t h e s e  f a c t o r s  p l u s  t h e  mechan- 
i c a l  t i m e  c o n s t a n t ,  r o t o r  i n e r t i a ,  a n d  h e a t i n g  
c h a r a c t e r  i s t ics  a s  well. G e n e r a l l y ,  s e r v o d r  i v e s  
l o a d s  a r e  o f  two t y p e s ,  i n e r t i a l  and  f r i c t i o n a l .  
T h e s e  t w o  t y p e s  a r e  c o n s i d e r e d  s e p a r a t e l y  because 
t h e y  a f f e c t  motor o p e r a t i o n  i n  d i f f e r e n t  ways.  
An i n e r i t i a l  l o a d  m u s t  be a c c e l e r a t e d  and  d e c c -  
e le ra ted ,  a f r i c t i o n a l  l ~ a d  t e n d s  t o  a e c c e l e r a t e  
t h e  motor by i t s e l f .  However, d e t a i l e d  d i s c u s s -  
i o n  o n  f r i c t i o n a l  load is  beyond t h e  s c o p e  of 
t h i s  i n v e s t i g a t i o n .  

The s e r v o m o t o r  is c h o s e n  f o r  i t s  t i m e  c o n s t a n t ,  
i n c l u d i n g  i t s  r o t o r  i n e r t i a ,  t h e  i n e r t i a  o f  a l l  
g e a r s  i n  the r e d u c t i o n  u n i t ,  a n d  t h e  l o a d  i n e r t i a  
which  to be  accelerated.  I n  s e r v o d r i v e s  t h e i n -  
e r t i a  load i s  u s u a l l y  p r e d e t e r m i n e d ,  a n d  t h e  
i n e r t i a  o f  a l l  g e a r s  i n  t h e  r e d u c t i o n  u n i t  is  
t h e  o n l y  f a c t o r  t h a t  m u s t  be c o n s i d e r e d  t o  
m i n i m i z e  t h e  m e c h a n i c a l  t i m e  c o n s t a n t  o f  t h e  
s e r v o m o t o r  t h a t  a f  f e e t  t h e  dynamic  of t h e  s e r v o -  
d r i v e .  T h i s  means  t h a t ,  to  m i n i m i z e  t h e  mechan- 
i c a l  time c o n s t a n t  o f  s e r v o d r i v e ,  t h e  key  d e s i g n  
f a c t o r  is t h e  i n e r t i a ' .  Reducing  t h e  i n e r t i a  of 
a l l  g e a r s  i n  t h e  r e d u c t i o n  u n i t  o f  s e r v o d r i v e  t o  
a minimum v a l u e  r e s u l t s  i n  a  f a s t e r  r e s p o n s e  and  
lower d r i v e m o t i o n  t o r q u e  r e q u i r e m e n t s .  

Many p r e v i o u s  s t u d i e s  [l-4) h a v e  d e a l t  w i t h  t h e  
d e s i g n  o f  r e d u c t i o n  u n i t s  f o r  a minimum i n e r t i a  
a n d  or minimum w e i g h t .  I n  t h e s e  s t u d i e s ,  t h e  
p i n i o n s  were c o n s i d e r e d  i d e n t i c a l  a n d  a l l  g e a r s  
a r e  taken w i t h  a n  e q u a l  t h i c k n e s s .  A t t e m p t s  
h a v e  a lso been  made f o r  a p r e s p e c i f i e d  number o f  
m e s h e s  ( t w o ) .  However, t h e  d i m e n s i o n s  o f  t h e  
g e a r s  ( s u c h  a s  p i t c h  diameter, number o f  t e e t h ,  
f a c e  w i d t h  a n d  diameteral p i t c h )  , a n d  the design 
c o n s t r a i n t s  ( s u c h  a s  s t r e n g t h  e q u a t i o n ,  a n d  



f u n d a m e n t a l  wear e q u a t i o n  o f  t h e  g e a r  t o o t h )  have 
not b e e n  t a k e n  i n  c o n s i d e r a t i o n .  I t  is b e l i e v e d  
t h a t  t h e  t e c h n i q u e s  u s e d  i n  t h o s e  i n v e s t i g a t i o n s  
fi a n d  23 would  lead to  a g e a r  s i z e  l a r g e r  t h a n  
t h e  op t imum o n e .  

The p r o p o s e d  d e s i g n  s y n t h e s i s  p r e s e n t e d  h e r e  p i n -  
p o i n t s  t h e  d i m e n s i o n s  o f  a l l  g e a r s  a n d  t h e  red- 
u c t i o n  r a t i o  o f  e a c h  g e a r  mesh t h a t  w i l l  g i v e  
a minimum moment o f  i n e r t i a  o f  a l l  g e a r s  i n  t he  
r e d u c t i o n  u n i t .  I t  r e q u i r e s  o n l y  t h e  f o r m u l a t -  
i o n  o f  t h e  o b j e c t i v e  f u n c t i o n  from t h e  g e o m e t -  
r i c a l  a r r a n g e m e n t  o f  t h e  r e d u c t i o n  u n i t  a n d  s e l -  
ec t i o n  o f  a s u i t a b l e  d e s i g n  a n d  s i d e  c o n s t r a i n t s .  

The  f a c t  t h a t  t h e  number o f  t e e t h  a n d  t h e  d i am-  
e t r a l  p i t c h  o f  a n y  g e a r  a r e  i n t e g e r  a n d  d i s c r e t e  
v a r i a b l e s  r e s p e c t i v e l y  c a n  p o s e  f o r m i d a b l e  prob 
lems f o r  t h e  o p t i m i z e r ,  . b e c a u s e  most o f  t h e  a v a i l -  
a b l e  m e t h o d s  a p p l y  to  t h e  problems w h e r e  a l l  
v a r i a b l e s  a r e  c o n t i n u o u s .  P r o b a b l y  t h e  s i m p l e s t  
a p p r o a c h  t h a t  c a n  be u s e d  to  s o l v e  s u c h  p r o b l e m  
is by r o u n d i n g  o f f .  F i r s t  t r e a t  t h e  p r o b l e m  a s  
a problem o f  c o n t i n u o u s  v a r i a b l e s ,  i g n o r i n g  a l l  
i n t e g e r  a n d  d i s c r e t e  r e q u i r e m e n t s ,  a n d  s o l v e  i t  
by t h e  a v a i l a b l e  c ~ n t i n u o u s  m e t h o d s .  N e x t ,  round 
o f  t h e  optimal s o l u t i o n  to  t h e  n e a r s t  i n t e g e r  
a n d  d i s c r e t e  p o i n t s  [5] . F o r  t h e  s ake  o f  c o n -  
v e r s i e n c e ,  w e  s h a l l  c o n s i d e r  f i r s t  t h e  case o f  
n o n l i n e a r  c o n t i n u o u s  problem. 

I n  t h i s  paper t h e  op t imum d e s i q n  v a r i a b l e s  f o r  
e a c h  mesh  i n  t h e  r e d u c t i o n  u n i t  a r e  d e t e r m i n e d  
by  g e o m e t r i c a l  p r o g r a m m i n g  ( G P )  c o m b i n e d  w i t h  
l i n e a r  p r o g r a m m i n g  (LP) . T h i s  a p p r o a c h  can handle 
a s  many c o n s t r a i n t s  a s  r e q u i r e d .  

An e x a m p l e  is g i v e n  to i l l u s t r a t e  t h e  a d v a n t a g e  
u s i n g  t h e  GP-LP o p t i m i z a t i o n  t e c h n i q u e .  

PROBLEM FORMULATION 

T h e  s e l e c t i o n  of m i n i m i z a t i o n  f o r  t h e  moment o f  
i n e r t i a  of a l l  g e a r s  i n  t h e  r e d u c t i o n  u n i t  a s  a 

.bas ic  object ive  f u n c t i o n  is p r a c t i c a l  a n d  a l s o  



s a t i s f i e s  i n d i r e c t l y  o n e  o r  more of t h e  f o l l o w i n g  
c o n d  i t i o n s  : 

1. t h e  t o t a l  s i z e  of t h e  r e d u c t i o n  u n i t  is m i n i -  
mum; 

2 .  t h e  w i g h t  o f  a l l  g e a r s  a r e  k e p t  t o  a minimum; 
a n d  

3 .  t h e  t o t a l  cost o f  t h e  r e d u c t i o n  u n i t  is t h e n  
m i n i m i z e d .  

The basic o b j e c t i v e  f u n c t i o n  a n d  t h e  d e s i g n  con- 
s t r a i n t s  a re  based o n  t h e  f q l l o w i n g  : 

a )  All d i a m e t e r s  u s e d  a re  p i t c h  d i a m e t e r .  
. b) The s u r f a c e  d u r a b i l i t y  f a c t o r  o f  e a c h  gear  

mesh is c o n s t a n t .  
c) F o r  s i m p l i c i t y ,  a l l  g e a r s  a r e  s o l i d  d i s k s  and  

a re  made f rom m a t e r i a l  o f  t h e  same d e n s i t y .  
The f a c t  t h a t  t h e  g e a r s  u s u a l l y  a r e  not sol id  
d i s k s ,  b u t  may c o n t a i n  h o l e s  and webbed cross- 
s e c t i o n s ,  is taken  i n t o  c o n s i d e r a t i o n  a f t e r  
d e t e r m i n i n g  t h e  optimum p a r a m e t e r s  of t h e  
r e d u c t i o n  u n i t .  T h i s  w i l l  n o t  a f f e c t  thecorn?  
p u t e d  r e d u c t i o n  g e a r  r e l a t i o n s h i p .  

For a n y  g e a r ,  t h e  moment o f  i n e r t i a  c a n  be 
w r i t t e n  as:  

The i n e r t i a  of a n y  gear i n  t h e  m u l t i - s t a g e  r e d u c -  
t i o n  u n i t  shown i n e . F i g .  (1) w i . 1 1  be  c a l c u l a t e d  a s  
an  e q u i v a l e n t  i n e r t i a  r e f e r r e d  t o  t h e  d r i v i n g  
p i n i o n .  F o r  any p i n i o n  (J)  t h i s  is  g i v e n  by 

Where ( m i )  is t h e  r e d u e t i o d  r a t i o  f r o m  t h e  
d r i v i n g  p l n i o n  to  p i n i o n  (1') , and 

-84-  



The equivalent moment of inertia for any gear ( j )  
is given by 

Using Eqns. (2) and ( 3 ) ,  the total equivalent mom- 
ent of inertia of all gears in the reduction unit 
can be ed as: 2 

b..d4 (1 + m.) 
3 PI' 3 

Equation (4) can be rewritten as a function of the 
discrete nature of the pinion, (J) (number of teeth 

face width b and diamettd pitch P . ) , the 
j of gear mesh m i.e. I 

4 
3'  

I -n 2 b.. N . .(I + m.) 
J , = C  4 j-1 (5) j=1 

fj TT m, 
k=l 

ilow the objective function of this design synthe- 
sis, namly Eqn. (5), would be used to find the 
design variables of each mesh in the reduction 
unit (b., N . ,  Pj ,"'j ) that will give the minimum 
equivalh garnent oE inertia for all gears. In 
order to accomplish this objective, the design 
synthesis can be treated as an optimization problem 
so that the design and side constraints will be 
stated below, are f u l f i e l d .  

-Design and side Constraints 

- Designing gears presents an extremely difficult 
problem because it is primarily a trial and error 

- procedure. However, there are several methods 
that can be used to develop the design procedure. 
The AGMA method [63 may be used. It'is particul- 
arly useful because it applies correction factors 
to the original design equations that compensate 
fort some of erroneous assumptions made in the der-, 
ivation as well as for important factors not orig- 
inally included. Furthermore, since most of the 



f a c t o r s  are o b t a i n e d  e m p i r i c a l l y .  The AGMA equat- 
i o n s  can  be k e p t  u p  to da t e  by m e r e l y  c h a n g i n g  the 
v a l u e s  o f  t h e  f a c t o r i  a s  more i n f o r m a t i o n  about 
g e a r  b e h a v i o r  i s  o b t a i n e d .  

G e a r s  g e n e r a l l y  f a i l  b e c a u s e  t h e  a c t u a l  loads app- 
l i e d  t o  t h e  t e e t h  a r e  g rea te r  t h a n  t h e  a l l o w a b l e  
l o a d s  based upon either t h e  beam s t r e n g t h  of the 
t o o t h  (tooth f r a c t u r e )  o r  its wear s t r e n g t h  (sur- 
f ace  f a i l u r e ) .  The  f i n a l  s t r e n g t h  e q u a t i o n  to b e  
u s e d  is t h e  AGMA m o d i f i c a t i o n  o f  t h e  Lewis e q u a t -  
i o n .  The  s t r e n g t h  e q u a t i o n  for  a n y  p i n i o n  i s  
w r i t t e n  a s  f o l l o w s  [63: 

I t  is  n e c e s s a r y  to  compare t h e  c a l c u l a t e d  s t r e s s  
a t  t h e  root of t o o t h  w i t h  t h e  maximum a l l o w a b l e  
d e s i g n  s t ress ,  The  AGMA e q u a t i o n  f o r  t h e  maxinun, 
allowable d e s i g n  s t r e s s  (Sad)  is 

$0 sum u p  the AGMA method f o r  d e s i g n i n g  s p u r  gears 
tor s t r e n g t h ,  t h e  c a l c u l a t e d  s t r e s s  o f  e q u a t i o n  
(6) m u s t  be l ess  than or equal to  the maximum 
a l l o w a b l e  d e s i g n  s t ress  a s  d e t e r m i n e d  by e q u a t i o n  

( I ) ,  i.e., 

N o t m a l i z i n g  i n e q u a l i t y  ( 8 )  w i t h  respect to  the 
face w i d t h  t h e  number of t e e t h ,  d i a m e t r a l  p i t c h  
and t h e  r e d u c t i o n  ' r a t i o  f rom t h e  d r i v i n g  p i n i o n  
to t h e  j t h  p i n i o n ,  t h e  f i r s t  d e s i g n  c o n s t r a i n t  
is e x p r e s s e d . b y  

k= 1 
b N 4 Q 
j PI 

(9) 
Sat  ' K1 ' L( ' G 

Where (Q) is e q u a l  to (K v 
K1 K t o K R  1 

0 S 



Having d i s c u s s e d  t h e  f i r s t  o f  t h e  g e n e r a l  c a u s e s  
o f  t o o t h  f a i l u r e ,  i t  is  now a p p r o p r i a t e  t o  con- 
s i d e r  t h e  second c a t e g o r y ,  namely ;  s u r f a c e  d e s -  
t r u c t i o n .  The  f u n d a m e n t a l  wear e q u a t i o n  fo r  qny 
p i n i o n  is g i  ,- 

The AGMA s p e c i f i e s  t h a t  t h e  c a l c u l a t e d  s t r e s s  
number m u s t  b e  l e s s  t h a n  or equal  t o  a n  a l l o w a b l e  
c o n t a c t  s t r e s s  number (S  ) which  has been modi f -  
i e d  by s e v e r a l  c o r r e c t i o f l c f a c t o r s ,  i .e . ,  

(11 

N o r m a l i z i n g  i n e q u a l i t y  (11) w i t h  r e s p e c t  t o  t h e  
P a c e  w i d t h ,  t h e  number o f  t e e t h ,  d i a r n e t r i a l  p i t c h ,  
and  t h e  r e d u c t i o n  r a t i o  f r o m  t h e  d r i v i n g  p i n i o n  
t o  the j t h  p i n i o n ,  t h e  second d e s i g n  c o n s t r a i n t s  
c a n  be e x p r e s s e d  as :  

b 
j 

N~ 
PI 

Where (U) e q u a l s  t o  

I t  is o b v i o u s  t h a t ,  t h e  v a l u e s  of t h e  f a c t o r s  (K1, 
K", G, KO' K s #  K n ,  K t '  KR' S a t ,  cl ,  CH' C*' CR, 

C 
P' CVt 1, Cot C s t  C,r 

Cf a n d  Sac) a r e  c h o s e n ,  

baded  e i t h e r  on  the v a l u e s  s u q q e s t e d  by t h e  AGMA 
o r  upon t h e  p e r s o n a l  e x p e r i e n c e  t h e  d r s i q n r r .  

A t  t h i s  i t a g e  o f  t h e  p r o b l e m  f o r m u l a t i o n ,  t h e  
optimum d e s i g n  o f  a g e a r  t r a i n  c o n s i s t s  o f  the 
o b j e c t i v e  f u n c t i o n  t h e  d e s i g n  c o n s t r a i n t s  ( 9 )  
a n d  ( 1 2 ) .  However, a t  t h i s  p o i n t  we m i g h t  n o t  
be certain a s  to  what o t h e r  c o n s t r a i n t s  s h o u l d  
b e  i n c l u d e d  i n  t h e  f o r m u l a t i o n  o f  t h e  o p t i m i z a t -  
i o n  p r o b l e m  to  properly complete t y i n g  t h e  o p t i m -  

- i z a t i o n  problem t o g e t h e r  m a t h e m a t i c a l l y .  The  
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The minimum inertia design problem formulated in 
the previous section can be converted to the sta- 
ndasd form of a nonlinear mathematical programm- 
ing problem .without much difficulty. This sect- 
ion gives the method of solution: 

As the objective function, Eqn. (5) and the con- 
straints, Eqns. (9, 12, 13, 14 and 15), are pos- - 

ynomial's in b P N 
j '  j1 PI 

and &m the problem is 
j 

a geometric programming in nature. It is usually 
formulated as follows[7]' : 

-Primal Program: 

Find the design vector X = 



w h i c h  m i n i m i z e s  t h e  o b j e c t i v e  f u n c t i o n  E q n .  ( 5 )  
and  s a t i s f i e s  t h e  c o n s t r a i n t s  

-1 
(rn - A.) i f  m j  

j=1 

The q u a n t i t y  ( N o  + N ) - ( N  + 1) i s  termed a s  
d e g r e e  o f  d i f f i c u l  k y i n  tKe g e o m e t r i c  p r o g r a m -  

jng. S i n c e  N o  = ( 2 n )  , Nk = ( 4 n  + 2 )  a n d  N v =  (412) , 
g h l s  p r o b l e m  h a s  ( 2 n + l )  d e g r e e  o f  d i F f  i c u l t y ,  i .e, 
t h e  d e g r e e  o f  d i f f i c u l t y  e q u a l s  t o  twice t h e  num- 
b e r  of m e s h e s  ( n )  p l u s  o n e .  

-Dual  Program:  

The  d u a l  p r o b l e m  c a n  be s t a t e d  a s  f o l l o w s  [7] : 

F i n d  W - - 



so as to maximize 

subject to: 

the normality constraints 

the orthogonality constraints 

and the nonneqativity constraints 

i = .(l, 2, .... 4n) 

Maximizing Eqn. (21) is equivalent to minimizing 

(4n+2) 
In V(W)= - W o j .  In C 

j=1 oj+ v & 

subject to (22), (23) and (24). 
The problem, as rewritten by Eqns. (25) , (22) I 
(23) and (24) can be solved by making a piece 
wise linear approximation[8] for the last term 
in Eqn. (25), i.e. for the function 

f = Woj. lawoj. 
j=1 

Hence, the entire linear dual formulation can be 
solved efficiently using the standard simplex 

- . -  -:..- ,,,= * n D r  



Once t h e  opt imum v a l u e  o f  t h e  d u a l  f u n c t i o n  a n d  
t h e  opt imum v a l u e s  f o  t h e  d u a l  v a r i a b l e s  (No .  and 

W k l )  
a r e  o b t a i n e d ,  t h e  n e x t  s t e p  i s  t o  d e t e 2 r n i n e  

t h e  op t imum v a l u e s  o f  t h e  d e s i g n  v a r i a b l e s  b j ,  
P I  N a n d  m . T h i s  c a n  be a c h i e v e d  by s o l v -  
j PI j 

i n g  s i ~ m u l t a n e o u s l y  t h e  e q u a t i o n s :  

- - j t h  term i n  the o b j e c t i v e  f u n c t i o n  
Woj  X *  ( 2 6 )  

0 

........... j = 1, 2 2n 
1 = k t h  c o n s t r a i n t .  ( 2 7  1 

NUMERICAL EXAMPLE 
I 

A numerfcal e x a m p l e  i s  c o n s i d e r e d  to  i l l u s t r a t e  
t h e  e f f e c t i v e n e s s  of t h e  o p t i m i z a t i o n  p r o c e d u r e  
d e v e l o p e d .  

The f o l l o w i n g  n u m e r i c a l  d a t a  is u s e d  i n  t h e  prob-  
lem: 

I I 0 . 1 5 ,  CR = 1 . 1 5 ,  C = 2300 ,  sac = 8 5 0 0 0 ,  =1.& 
P  

3 
Nmin = 1 4 ,  a n d  = 0 . 2 8  l b / i n  . 

F i n d  

The o p t i m i z a t i o n  p r o b l e m  c a n  b e  s t a t e d  a s  f o l l o w s :  

lbl  ' 
b2 

b3 

P l  

p2 

P3 
N 

E?l 
> 



a s  to m i n i m i z e  

S u b j e c t  to 



The dual problem c a n  be stated a s  follows: 

F i n d  

So as  t o  maximize  



S u b j e c t  to 

~ a x i m i z i n g  (E3) is equivalent to minimizing 

I n  V(W) &6l ( w ~ ~ + ~ ~ ~ + w ~ ~ + ~ ~ ~ + w ~ ~ )  - 
0.546 W06+l.48(W11+W21+W31)- 

1.725(w41+w51+"61 )+0.182(W71+W31+ 

Wgl)-2.639 (W101+Wlll+W121) -2 .015(W131) + 

2 .14 ( w ~ ~ ~ )  + wO1. In wO1+wO2 W ~ 2  + 

"0 3 ln '03+~04 In MO4+Wo5 In WO5+ 

'06 In "06 1 (E5) 



The problem can be solved by linear programming 
by making a piecewise linear approximation to 
the each terms, (Pi . In  Wo . ) , in Eqn. (E5) . This 
is .accomplished byJ replazing each curve, 

(Bj = 'oj . I n  W . ) , by a broken l i n e ,  B=B ( A )  . 
0 1  

Linear programming can now be u'sed to minimize 
(E5) subject to ( E 4 ) ,  if ( E 5 )  is replaced by 
the approximation 

Which is a l s o  s u b j e c t  to 



E q u a t i o n  ( E 6 )  is m i n i m i z e d ,  s u b j e c t  t o  Eqns .  ( E 4 )  
a n d  j E 7 ) ,  by a s e q u e n c e  sf LP probhenas u s i n g  
l i n e a r  a p p r o x i m a t i o n s  t o  e a c h  term of t h e  f o r m  
( A .  I n  A )  , i . e . ,  f i r s t  compute B =Al. l n  A1 a t  

A1 = 0, 0 . 5 ,  and 1 a n d  u s e  a g r i d  r e f i n e m e n t  
t e c h n i q u e  t o  s e t  u p  each n e  LP p r o b l e m .  A f t e r  
e a c h  LP a p p r o x i m a t i o n  h a s  b e e n  s ~ l v e d  by u s i n g  
t h e  s i m p l e x  a l g o r i t h m ,  t h e  g r i d  s i z e  i s  h a l v e d  
u s i n g  t h o s e  new v a l u e s  w h i c h  r e  s r d j a c e n t  t o  t h e  
c u r r e n t  v a l u e  of A l e  he p r o c e d u r e  is d e p i c t e d  
i n  F i g .  ( 2 )  . Assume t h a t  t h e  p r e v i o u s  g r i d  points 
f o r  a g i v e n  v a r i a b l e  were a ,  c ,  a n d  e a n d  t h e  
c o r r e s p o n d i n g  s o b u t i o n  d e n o t e d  by x f e l l  i n  t h e  
i n t e r v i a l  c t o  d ,  T h e n  t h e  new g r i d  p o i n t s  for  
t h e  new t r i a l  wou ld  be e ,  d and e.  I f  t h e  n e x t  
s o l u t i o n  f a l l  i n  t h e  i n t e r v a l  from d  t o  e, t h e  
new g r i d  p o i n t s  wou ld  be d ,  ( d + e )  / 2  a n d  e ;  a n d  
so f o r t h .  

I t  is  c lea r  t h a t  t h e  GP-LP f o r m u l a t i o n  is l a r g e r  
t h a n  t h e  o r i g i n a l  GP d u a l  p r o b l e m ,  b u t  t h e  e f f i c -  
i e n c y  a n d  e f f e c t i v e n e s s  o f  t h e  s i m p l e x  a l g o r i t h m  
i n  d e t e r m i n i n g  t h e  o p t i m u m  s o l u t i o n  more t h a n  
m a k e s  u p  f o r  t h e  i nc r ea sed  p r o b l e m  s i z e ,  p a r t i c u -  
l a r y  w i t h  t h e  a v a i l a b i l i t y  a n d  t h e  c a p a c i t y  o f  
modern  c o m p u t x x s .  

T h e  'optimal s o l u t i o n  of t h e  GP-LP p rog ramming  
p r o b l e m  i s  g i v e n  i n  T a b l e  1. T h e  p r e v i o u s  exam- 
p l e .  was s o l v e d  u s i n g  t h e  a v a i l a b l e  d a t e  i n  r e f .  [l], 
i . e . ,  m = 1 . 6 5  m2 = 1 . 8  and  rn = 2 . 6 6 .  T h e  1. o p t i m a l  s o l u t i o n  listed i n  ~ a b d  2 .  I t  s h o u l d  be 
p o i n t e d  o u t  t h a t  t h e  a n a l y t i c a l  s t u d y  i n  r e f 5 1 1  
o n l y  p r o v i u e s  a m e t h o d  f o r  d e t e r m i n i n g  t h e  optim- 
um r e d u c t i o n  r a t i o  f o r  e a c h  mesh for  r e s t r i c t i v e  
case of i d r n t i e a l  p i n i o n s ,  F u r t h e r m o r e ,  t h e  pro- 
blem was f o r m u l a t e d  w i t h  n o  d e s i g n  a n d  s i d e  c o n s -  
t r a i n t s .  
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T h e  r e s u l t s  o f  w h i c h  a r e  l i s t e d  i n  T a b l e s  1 a n d 2  
i n d i c a t e d  t h a t  t h e  s u g g e s t e d  a p p r o a c h  r e s u l t s  i n  
a r e d u c t i o n  o f  i n e r t i a  b y l a c - f a c t o r  o f  2 . 2 5  o v e r  
t h e  c a s e  o f  making  t h e  p i n i o n s  i d e n t i c a l  a n d  o f  
e q u a l  t h i c k n e s s  1 . I t  s h o u l d  be p o i n t e d  o u t t h a t  
t h e  v a r i a b l e s  N p j  a n d  P .  m u s t  be i n t e g e r  a n d  d i s -  
crete  v a l u e s ,  r e s p e c t i d l y .  

A c o m p a r i s o n  b e t w e e n -  t h e  s u g g e s t e d  m e t h o d  a n d  t h e  
me thod  i n  r e f .  [2] c a n  n o t  be made, b e c a u s e  t h i s  
me thod  is  v a l i d  o n l y  f o r  r e s t r i c t i v e  case  of two 
m e s h e s .  

CONCLUSIONS 

?'he m a i n  o b j e c t i v e  o f  t h i s  paper was to d e t e r m i n e  
t h e  op t imum d i e m e n s i o n s  o f  a l l  the g e a r s  i n  a 
m u l t i - s t a g e  r e d u c t i o n  u n i t  a n d  t h e  op t imum r e d u c -  
t i o n  r a t i o  o f  e a c h  gear  mesh t h a t  w i l l  g i v e  
minimum moment o f  i n e r t i a  of a l l  g e a r s  i n  t h e  
r e d u c t i o n  u n i t .  
op t imum s o l u t i o n  was d e t e r m i n e d  u s i n g  geometric 
p rog ramming  w h i c h  is  c o n s i d e r e d  a s  a n  e f f e c t i v e  
p rog ramming  t e c h n i q u e  f o r  n o n l i n e a r  c o n s t n a d n t s  
and h i g h e r  order  o b j e c t i v e  f u n c t i o n s .  T h i s  tec- 
h n i q u e ,  when c o m b i n e d  w i t h  l i n e a r  p rog ramming  i n  
a s e q u e n t i a l  mode, c a n  h a n d l e  a s  many c o n s t r a i n t s  
as r e q u i r e d .  The e f f e c t i v e n e s s  o f  t h e  qeometri- 
c a l  p rog ramming  method is well d e m o n s t r a t e d  by 
t h e  r e s u l t i n g  op t imum t h r e e - s t a g e  r e d u c t i o n  u n i t  
s o h  l i o n ,  w h i c h  i n v o l v e d  a n o n l i n e a r  o b j e c t i v e  
f u n c t i o n  w i t h  t w e l v e  d e s i g n  v a r i a b l e s  a n d  a l s o  I 

a c c o u n t e d  f o r  1 4  c o n s t r  i a n t s - 3  f o r  d e s i g n i n g  spure  
g e a r s  f o r  s t r e n g t h ,  3 for c o n t a c t  s t r e s s ,  3 f o r  
f a c e  w i d t h  f a c t o r ,  3 f o r  minimum number of t e e t h  
a n d  2 f o r  pe rmis s ib l e  e r ro r  i n  t h e  o v e r a l l  r e d u c -  
t i o n r a t i o .  T h e  a d v a n t a g e  o f  the G P  a p p r o a c h  c a n  
a l s o  be d e m o n s t r a t e d  by t h e  r e s u l t i n g  i n e r t i a  dis- 
t r i b u t i o n  w h i c h  c a n  b e  g i v e n  by t h e  v a l u e s  o f  t h e  
d u a l  v a r i a b l e s  u s e d  i n  t h e  GP s o l u t i o n  method.  
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Face width of t h e  gea r  i n  t h e  j t h  mesh. inch.  

3 Constant = e ~ / 3 2  l b / i n  . 
Surface  c o n d i t i o n  f a c t o r .  
Hardness r a t i o .  
Constant of t h e  Kth c o n s t r a i n t .  
L i f e  f a c t o r .  
Load d i s t r i b u t i o n  f a c t o r .  
Overload f a c t o r .  
Constant of the j t h  term i n  t h e  o b j e c t i v e  func t ion .  
C o e f f i c i e n t  depending upon t h e  e l a s t i c  p r o p e r t i e s  of 
t h e  material. 
Fac tor  of saf t y .  . 
Size f a c t o r .  



Temperature f a c t o r .  
Dynamic f a c t o r  
P i t c h  d i ame te r  of t h e  j t h  g e a r  inch .  
P i t c h  d i ame te r  of t h e  j t h  p i n i o n  inch .  
T ransmi t t ed  load  on t h e  j t h  p i n i o n  l b .  
Geometry f a c t o r .  
Geometry f a c t o r .  
Moment of i n e r t i a  of t h e  j t h  g e a r  1b . in  

2 
2 

Moment of i n e r t i a  of t h e  j t h  p in ion  1 b . i n  . 
T o t a l  e q u i v a l e n t  moment of i n e r t i a  of a l l  g e a r s  i n  

2 t h e  r e d u c t i o n  u n i t  1 b . i n  . 
L i f e  f a c t o r .  
Load d i s t r i b u t i o n  f a c t o r .  
Overload c o r r e c t i o n  f a c t o r .  
R e l i a b i l i t y  f a c t o r .  
S i z e  c o r r e c t i o n  f a c t o r .  

Temperature f a c t o r .  

Dynamic f a c t o r .  

O v e r a l l  r e d u c t i o n  r a t i o .  

Reduct ion r a t i o  of t h e  j t h  mesh. 

Number of t e e t h  i n  t h e  j t h  g e a r .  

Number of terms i n  t h e  c o n s t r a i n t s .  

Number of terms in t h e  o b j e c t i v e  f u n c t i o n .  

Number of t e e t h  i n  t h e  j t h  p i n i o n .  

Number of d e s i g n  v a r i a b l e s .  

Number of meshes. 

Maximum a l l o w a b l e  s t r e s s  of m a t e r i a l .  

Allowable stress of material.  ria 
Applied t o r q u e  on t h e  d r i v i n g  p i n i o n .  l b .  inch .  

Dual f u n c t i o n .  

Dual v a r i a b l e  cor responding  t o  t h e  k t h  c o n s t r a i n t .  

Dual v a r i a b l e  co r r e spond ing  t o  t h e  j t h  term i n .  

the o b j e c t i v e  f u n c t i o n .  

Design v e c t o r .  
Optimum v a l u e  of t h e  d u a l  f u n c t i o n ,  i . e . ,  the 

minimum v a l u e  of t h e  o b j e c t i v e  f u n c t i o n .  
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~m P e r m i s s i b l e  e r r o r .  3 p M a t e r i a l  d e n s i t y  l b / i n  . 
*c C a l c u l a t e d  c o n t a c t  stress number. 

4 C a l c u l a t e d  s t r e s s  a t  t h e  most of t h e  t o o t h *  , lei 

T a b l e  (1) 

Design 
V a r i a b l e s  

I P i n i o n  Gear 

S t a g e  

2 I 3 

- -  - - 

P i t c h  d i ame te r  
D i a ~ n e t r a l  p i t c h  
Number of t e e t h  
Face wid th  
Reduc t i o n  r a t i o  

2 2.57 
7  

14 18 
1 .45  
1.285 

- R e s u l t a n t  o v e r a l l  r e d u c t i o n  r a t i o  ( m )  = 7.659 - Equ iva l en t  moment of i n e r t i a  of t h e  g e a r s  (J )-7.867 
l b .  i n 2 .  t 

- R a t i o  of i n e r t i a  of g e a r  t r a i n  t o  i n e r t l a  of d r i v i n g  

P i n i o n  Gear 

2  4,714 
7 

14  33 
1.82 
2.357 

p i n i o n  Jt/Jpl = 12.55. 

P i n i o n  C e a r  

2.83 7 ,15  
6 

17 43  
2 . 2  
2.529 

T a b l e  (2) 

Design 
v a r i a b l e s  

P i t c h  d i a m e t e r  
( i nch )  

Diametral p i t c h  
Number of t e e t h  
Face  wid th  ( i n c h )  
Reduc t ion  r a t  i o  

S r age  

P i n i o n  Gear 
I 

P i n i o n  Gear Pinion Gea: 



- R e s u l t a n t  o v e r a l l  r e d u c t i o n  r a t i o  (m) = 7.9.  
- E q u i v a l e n t  moment of i n e r t i a  of t h e  g e a r s  ( J t ) = 1 7 . 6 9  

- K a t i o  of 
p i n i o n  (J 

i n e r t i a  of g e a r s  t 
. 21  

r a i n  t o  i n e r t i a  

FIG. 2 

FIG. I 

of d r i v i n g  


