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POWER SERIES REPRESENTATION OFP LOGICAYL FUNCTIONS AND
ITS APPLICATIONS TO

ERROB DETECTION AND ERROR CORRECTION CODES
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ABSTRACT

The need for high speed digital storage/retrieval and digital
communication systems with emor detectHeon and emmor comrecton capahbilibies
raises a significant problem to the implementaton of error control enceding
and decoding. Tradibonal implementation has been accomplished through the
use of feedback shift register networks. These networks, although being
convenient to implement, represent a slow process in the overall system since
they invelve the shifting of code words to generate the error control
bits/syndrome. Parallel implementadon provides a fast sclution, however, it
poses a significant complexity to the encoder/deccder implementation.

This paper introduces a new implementation for a fast encoder/deccder
using analog neural networks. With neural nets as the basgic huilding blocks,
the emor centrol hbits/syndrome are asynchronously generated using Op Amps
and resistor elements. The problem of fan—in and fan-out inherent in digital
implementaton is also avcided.

HNTRODUCTION

Neural network technique has received considerable attenHen in the
last few years. It is found to be suitahle for a number of applications such
as automatic control (1}, constrained optimisabon [2], pattern recognition
and adaptve filtering [3], and etc.

Among the various neural network techniques, two groups are widely
accepted in most applicabons. The first one is the Hopfield model [2). These
are single layer networks with symmeiric interneuron connecticons. Such
neurons are implemented with nonlinear amplifiers (hardlimiters). Hopfield
showed that the computation power of this model is strong when applied to
certain combinational and optimal problems. By properly designing the
connecton weights (synapses), the model can be used to solve the coding
prohlem. In this case, the neuron looks for a code word thaf is nearest to
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the received word subject to the conshzint of the code stmucture.

Another neural network model reported in the literatures is the
multilayer feedforward model. A typical exampie of this model is Widrow's
ADALINES [3]. They have been applied to pattern recognitions and adaptive
filtering with impressive resulis. .

Error detection and ermrcor correcon ceding is a signal processing
operabon which is used for reliable transmission of digital information over
ncisy channels, The technique rely upon the systematic addition of redundant
hits to the transmitted code wormds so as to facilitate two basic objectives
at the receiver: error detection and error correction [4,5]. This is
performed as follows: the channel encoder accepts message bits and adds
redundancy bits according to a prescribed rule, thereby producing encoded
data at a higher hit rate. The channel decoder explaits the redundancy to
decide which message it was actually transmitbed. The addition of redundancy
in the coded messages implies the need for increased transmisgon bandwidth.
Moreover, the use of coding adds complexity to the system, especially for the
implementation of decoding operations in the receiver [6]. Thus the design
{rade—offs in the use of error control coding to achieve acceptable exor
rerfarmance must inclhde considerations of bandwidth and system complexity.

Conventional implementation of emor detecton/comecton circuits has
been accomplished using feedback shift registers. These circuits although
being convenient to implement, represent a slow process in the overall
system, Parallel implementation provides a fast solution, however, it
requires a significant amount of hardware complexity. In this paper, a new
appreoach is introduced to simplify the implementatbion of asynchronous error
detection/correction circuits using VLSI analog neural networks. The
motivation behind analog VLSI is two fold: 1)VLSI is now mabuidng with
emphasis towards submicron structures and scphisticated applications
combining digital as well as analog circuits on a single chip, 2)massive
applications of analog VLSI provides means for the hardware implementabon of
adaptive systems based on neural networks. Analeg MOCS circuits modules, such
as integrators, summers, and multipliers can be configured in a neural
network architecture to bDulld feedback/feedforward neural networks and/cr the
equivalent of adaptve signal processors.

I-POWER SERIES REPRESENTATION OF LOGIC FUNCTYTIONS

The analysis for this new concept may be introduced as follows:
assuming that the hinary inputs to a logical network are {x, i=1,2,...N} and
the corresponding hinary outputs are {yj, 7=1.2,....M}. Bach output Yy may be
expressed as

¥ = £y, X9, eeeenene Xy) (L

where f(.) is a mathematical function te be chosan as a power series
exXpanaion. NEglecl:Leg the suEscz:ipt j for simplicity, Eq.(l} is expressed as:
[ ]

i
— e if, iz iu
¥ = E E W ; i XKy LK {2}
(=0 ;=0 =0 Lifghseee 7L 72 N
whera {wi; i7emynn. in} are the coefficients (weights) of the power sedes and
Ly, Ly, 000 Ly are integers chosen according to the desired accuracy of

the representation. Tn Eq.(2);
xkik = Xy for g > 1 (3)

This is due to the fact that X is either 1 or 0. By applying Eg.(3) into
EQ.(2),then

St st s
y = ~--- iy g dgen. 151500y (@)

1,70 i,=0 ig=0
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From Eg.(4), it can easily be seen that e maximum number of the
coefficdients to be determined is equal to 2°. This is the same number of
entries in the corresponding truth table as defined in the classical
switching theory. For example, let the logic circuit has two inputs Xy, Xg
and a gingle output y. The power series representation for such a circuit is
expressed as

i % ‘
Y =ilz=0 12=0 xli-i x?.lz wi[iz
- o, 0 o, 1 0 i, 1
= Voo %1950 + Woixi Ot + Wi B0 + wyxglx,
oo T Wie¥) T WoiXg f Wi XXy (3}

On the other hand, power series expansion for a logic network can
eagily be performed from its truth table as explained in the following
secton.,

IELOGICAL PUNCTION REPRESENTATIONS
The three basic leogical functions are AND, OR, and NOT. The
carresponding truth tahles are:

AND Truth OR Truth NOT Truth
TaHle Tahle Table
1 X2 ¥ Xy Xp ¥ x ¥y
00 0 0 0 0 0 1
01 0 0 1 1 10
10 0 10 1
11 1 101 1

From the truth table of the NOT function, the ocutput is given as;
y=x=1-x (6)
simjlarty, from the truth tahle of the OR function, the cutput is;

¥y = X; AND x; OR x; AND X, OR x; AND x,

{1 - xl}x2 + xl(l -~ x2} + X Xy
Xy X m X )
and from the truth tehle of the AND functon, the cutput is;

y = jél.xz 8

where + , -, . are normal mathematical operations. Equations (&), {7), and
(8) may be considered as curve fitHng expressions for experdmental data
talnlated in the truth tahle.

In summary, the following algorithm is adopted to estimate the
coefficients (synaptic weights) of the power series expansion for a given
truth tahle:

Step 1
From the truth table express the logic functon as a "sum of product”
form;
Step 2
Replace each X by (1 - x);
Step 3
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Replace eaéh ANDing operation (xiANDx5} by mathematical product xyx,
and each ORing operation (x;0Rxy) Dy X3 + X3 = X3X5;
Step 4 ‘ _
Simplify the resulting mathematical expression to the form given in

The coefficients of the power series resulted in step 3 are the
welghts required for drouit implementaton,

Hardware implementations for the basic logical functions given .in
Eqs.(6), (7) and (8) using analog networks require analog multipliers and
analog summers. Fig. 1, shows a two-input analog multiplier designed for
logic inputs. This circuit is a modified configuration of the four—quadrant
CMOS multplier reported by Khachab and Ismail [12]). Using this multplier
circuit and the well known apalog summer circuit, Egs. (8), (6), and (7) are
implementad as shown in Fig. (1), Fig. (2-2), and Fig. (2-h) respectively.

%X

QR function,

Fig. 2, Analog Implementation Por The Basic Logic Punctons,

Transient analysis for the circuits shown in Flg.{l) and Fig.(2-a)
have been carried cut using PSPICE simulation program. For the mulbplier, x,
was chosen as a 5 V. d.c. and X, as a square wave with a frequency of 50 KHz
and 5 V. anplitude. This square wave was also used as the input for the
inverter circuit shown in Fig. {2-a). Fig. (3) shows the simulation results
using LM318 Op Amp and 2N6660 CHMOS transistor. It can be seen that each
crouit wrovides the functon that was designed for.
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input Signal, 530 KH=z

T T T -
QE+0Y 1E+01 IT+01 JE+QI AE+D1
Timu (Mcro Bec.d

Muitipller output

x) =Bvidc), xd—dquare Wavs 50 KHz

Aol {volla)
1

T v T r T T
CE+Q0 1E+59 22401 1L -1 Fr.ex 3l
Tima {Mderm Bec.)

Qutput of NOT Gats

Ampdiude (volls)
1

T T 7 T T
CE+0D TExQN L+ JC+01 +HE4d4
Time (MWera fac.)

Fig. 3, a)Square Wave Toput, b)Mulbplier Output, and cojimverter Outpat.

IV-ADVANTAGES OF THE NEW CONCEPT

l-Logic functicn simplification using Rarnaugh map is replaced by
algehraic manipalation.

2-The use of Op Amps and resistor elements to implement the hinary
logic provides the possibility of high voltage and current levels. This
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overcomes the difficulty of fan-in and fan—out associated with logic
cirouits.

3-The ncise sensitivity can be eliminated by cascading the summer
cdrogt with a comparatar. The comparator provides an excellent buffering and
supplies the communication channel by a stable binary signal.

V-DISADVANTAGE OF THE NEW CONCEPT
1-FPor truth tables with large mumber of enteries, tedicus mathematical
manipuation is required. ;
2-The truth tahle sheould be complete in order to derive exact pow
series expangion. For partially known truth tahle, there is no guarantee that
the derived expansion fits the unknown enterdes of the table. This
disadvantage is common in other methods for logical funclion representation.

VELINEAR BLOCK CODES .

According to {7] and as shown in Fig. 4, to generate an (n.k) hlock
code, the channel encoder accepts information in successive kit hlocks, far
each block it adds (n - k) redundant bits that are algehraically related to
the kX message bits, thereby producing an overaill encoded biock of n hits,
where n > k. The n kit block is called a code word, and n is called the hlock
length of the code. :

1]

L —

e

>

Decoder ——.T_—b-—

A Encoder

Pig. 4, Transmission of Digital Data with Block Codes

Consider {p,X) lMinear block code in which the first porbon of k hits
is always identical to the message sequence to be ransmitted, Fig. 5. The
{n~k) bits in the second portion are computed from the message hits in
accarmdance with a prescribed encoding rule that determines the mathematical
stucture of the code [7,8). These (irk) hits are referred to as parity huts.

Qo O Qg ~--mvmmm @y | Co Gy me e e

Fig. 5, Struchoe of Code word

Let a,, a4,.e0n. ay.; constitute a block of k arbifrary message -hits,

Thus we have 2X distinct message hlocks. Let this sequence of message hits be
applied to a linear hicck encoder, producing an rhit code ward whose elements
are denoted by to. tl, ..... t-1- Let Cas CreeaCpy-1 denote the (n-k)
parity Lits in the code woml Therefore,

g = {9
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The {n-k) parity hits are linear sums of the kX message bits, as given by the
generalised equation

Qi = BicBp * Pig@y * e PLk-18%-1 ¢ i=0,1,2,... m%k-1 {10}
where the coefficients are defined as
1 1 ; if ¢ depends on g
0 ; otherwise

Dyj = 11

These coefficients are chosen in such a way that the (n-k) eguations
represented in Eq.(10) are linearly independent, that is, no equation in the
set can be expressed as a linear combination of the remaiming ones.

The system of Egs.(9) and (10) defines the mathematical structure of
the (n,k) linear block code. The above equations may be rewritten in a
compact form using waftrix notaton. To do so, we define the 1-by-k message
row vector A, the 1~-by-(n—k) party row vector C and the 1-by—n row code
vector T7 as fallows respectively:

é = { ao al ....... ak_l ] (12}
C=1Cy © wornCryy ) (13)
Tt b oy | a

Note that, the use of row vectors is adopted for the sake of being consistent
with the notation commonly used in the coding literatures {9]. This is
different from that used in matdx algebra. Now, we may write the set of
simultanecus equations in (10} as

C=2p (15)

where P is the k-by—(o%) coefficient matxix defined by

[ Poo Proreseees Pn-k-1,0 T

(18)

[rg
1

...........................

l_po,k—l P1,k=1-"Pnd-1,k-1

From the definitions given in Eq.{12} and (14), we see that T may be expressed
as a partifoned row vector as:

T=(alc) (17)
Substituting Eq.(15) into Eq.(17), then
T=(AlAP]=A[LIR] (18)

where I, is the k-by-k identity matrix

100 0.0
010 Oeeen

L= | e (29)
000 Ouveal_|
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Define the kDyn genembor matrx G as

6 =[LiE) (20)
Therefore, Eq.(18) is simplified t©

I=A¢C (21)

Let us define an (ok)byn matrix § as:

H= (BT L1 @2)
where I, is an (nX)-by-(n%) identity matrix. Therefore,
T _ T: _:%-i_(___ = pr @ pT
HG =[P Lyl || =B 02 23)
' P

Note that all additions are modulo-2 additions and all multiplications are
AND operations. Hence

Hel=cuT=0 24)

—_— — —

Postmultiplying both sides of Eq.(21) by HY, then

T =ag KT =0 (25)
The matdix H is called the party—check matmx of the code, and the Egs.(25)
are called party-check eguatons.

The generator matrix G is used in the encoding operaton at the
transmitter. Cn the other hand, the pandty—check matrix H is used in the
decoding operation at the receiver. Let R denote the i-byn received vector
that resulis from sending the code vector T over a ngisy channel, That is;

R=[r; I couens L] (26)

The vector R is expressed as the sum' of the original code vector T and a
vector E as [9]

R=IDE 27

The vector E is called the exror vector or errar pattern. The ith. element of
E equals ¢ if the corresponding element of R is the same as that of T. On the
cther hand, the ith. element of E equals 1 if the comesponding element of R
is different from that of T, in which case an error is said to have occured
in the ith Iocation. The receiver has the task of decoding the code vector T
from the received vector R. The algorthm commonly used to perform this
decoding operation starts with the computaton of a 1-by-(n~k) syndrome
vector § as

s=RHT
= {T®EF 87
=g BT . (28)

The syndrome S depends only on the error patterm, and not on the transmitted
code word (4], With syndrome decoding, an {mk} linear hlock code can correct
up to m errors per code word, provided that n and k satisfy the Hamming bound

14,7);
m n
2%y 2 ( ) (29)
1

i=0
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n
where (
- i

n nit
e
i (n—i)l'il_

There are 207K syndromes, including the all-zero syndrome. Each
syndrome corresponds to a specfic ervar pattem. In general, the syndrome. §
does not uriguely specify the actual error patterm E. Rather, it identifies
the coset that the error pattern belongs to. The most likely error pattern
within the coset characterised by the syndrome S is the one with the largest
probahility. Hence the decoding algorithm may be stated as:

) is given by

1-For the received vectar R, compute § = R &'

2-Within the coset characterised ]%r the syndrome S, choose the errar pattemn
with the largest probalility, call it E
3~Compute the code vecthor

- Fal

T=ROE (31)
as an esdmate to the transmitted ccxde word T.
VIFAPPLICATION EXAMPLE

For example, consider the(7,4) Hamming code with n=7, k=4, and n-k=3.
The generator matrix is given as:
[10001107]
0100011

G = (32)
- 0010111

LOOOllOl

p—

and the parity check matrix is given as:
1011100
H=| 1110010 (33)
0111001
with k = 4, there are 29 = 16 message womds which are listed in tahle L

Tahle L,Code words of (7,4) Hamming code

1

Message Word Code Word Message Word Code Word

219823334 81828384C16553 81823384 318328384C152%3
0000 0000000 1000 1000110
0001 0001101 1001 1001011
0010 0010111 1010 1010001
0011 0011010 1011 1011100
0100 0100011 1100 1100101
0101 0101110 1101 1101000
0110 0110100 1110 1110010

0111 0111001 1111 1111111 J
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Tahle T Decoding table for (7,4) Hamming Code

Syndrome Eromor Pattem
813233 By EpE3E4EsEgE
000 0000000

110 1000000
011 0100000
111 0010000
101 0001000
100 0000100
010 00600010
001 $000001
|

The truth tahles for the (7,4} Hamming encoder and decoder given in
Tahle I and Tahle II are now used to derive the power seres expansion
required for implementation. After some manipulation, the power seres
expansion for the three kits ¢y, ¢,, and ¢ in the encoder are given by:
Cl= al + 8.3 - 23133 - a2a3 - ala.z + 3313233 {34}
Cq= a4 + a9 + 34 — 2a485 - 2a184 — 28434 + 842537 + 4212484
- ala2a3a4 {36)

Similarly, the power series expansions for the syndrome vector and the error
pattemn vector are expressed as follows:

8= LIy ¥+ Iy = 2Ialy + Iply + Ly — 25Ty — 26003

i TS s i G7)
Sp7 IyTq * Iifg * Ipfy * Ipfg ~ AyTatg T Tty
B o D S i o (38)

Sq= IMTy + XyIq - 2r1r4r7 + Iqly + I3f7 — ?.r3r:4r7

ad I S i e o o B o T ¥ 39)
By = 515,53 (40}
By =515 ~ 5150%; (41)
By = 5153 — 515;% (42)
By = 5,53 ~ 515553 (43)
s =51 % %1883 ~ 815 ~ 515 4
Eg = 5 + 51583 ~ 518) =~ 583 (43)
E7 =83 + 518337 5153 ~ 5,53 (46)

Analeg implementation for the Hamming (7,4) code encoder at the
transmitter side is shown in Fig, 6. Similar implementation for the decoder
at the receiver can be designed using Egs.(37) through (46).
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Fig. 6, Analog Implementation of the Hamming (7,4} Encoder,
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VII-CONCLUSIONS .

This paper introduced a new method for representation an_d
implementation of the logical functons. In this method, the truth table is
considered as a tahle of numerecal values and curve fitHng process was
perfarmed to obtain a mathematcal relationship between inputs and wt;nts._ A
power series expansion method was adopted to sinplify the implementatm}n
using analog neural netwarks. The main advamtage of the proposed methgd is
the replacement of the classical Kamaugh map reduction technique by a simple
mathematical manipulation. Beside, the concept of asynchronous processing is
satisfied when the expressions obtmined are implemented using neural network
structures. With neural networks as the basic building hlocks, the problems
of fan-in and famcut associated with the classical logic gates are avaided.

Asynchronous implementation of error detection and erxor correction
encoders/decoders is considered as an application of the proposed method.
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