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ABSTRACT

This paper is concerned with the flat joint subject
1o the shear and torsional loads.The objective is to
approach as closely as possible to some appropriate
methematical analyais for the most important param-
eters . These paramcters are;loads,Quality,Geometry
and Dimensions of the mating surfaces.Several assum-
ptions have been taken into consideration to simp-
lify the proposed mathematical model,The advantage
of the model is to get the ~optimal flat joint des-
ign in a minimunm time and less effort.Calculation

of the joint stiffness and some basic optimum values.
would then be within the reach of the designers.

INTRODUCTION

-The relationship between the normal stress” G v“and
the normal deformation® 6n" of the two mating surfi-
aces can be written as:

§, = oo OO (1)

Where o and m are constants depending upon the type
of materiels and the surface finish, {[6]

The shear compliance was analysed by Kirsanova [ﬂ
and for repeated loading;the relationship between
shear stress" (_"and shear deformation® 4 _"was given

dg = Ky . O L (2)

Where K_ is the shear factor in am mmz/N.Also, he
reported that the shearcompliance of the machined
surfaces is dependént upon the surface {finish and
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that it decreases with the increase of the normal
stress.From the results reported in Refs, [j,ﬂ it
can be seen that the relationship between the shear
compliance and the normal stress can be written as;

8
K, = R/ 05 (3)
Vhere R and g are constonts dependent on the joint
materials and surface finish.To determine the static
stiffness properties of the flat Jjoint ,it is neces-
sary to know all design parameters influencing the
stiffness magnitude.These parameters my be :

- Material properties of the paris to be connected.
- Roughness and flatness of the machined mating
surfaces,
- Dimensions and geometiry of the joint contact
surface.
The parameters affecting the stiffness of the mach-
ined surfaces have been asnalysed before in Refs.
1,4,7,8] It was found that,there is no previous
work to compute the static Joint stiffness due to
the normal, shear and torsional loads.Thererfore,the
objective of this paper is mainly to approach as
closely as possible to some appropriate mathematical
model to calculate the stiffness using design para-
meters of the joint.

NORMAL STIFFRESS OF TEE JOINT

1~ Pactors Affecting the Stiffness.

Prom Eq.(1) it can be secen that the magnitudes of
the constants ot and m influence the normal static
stiffness.These constants depends ong

a~-The mating surface matericl : In general, vhen
different materials are uscd,the congtant o of
Eq.{1) varies inversely with the modulus of elas-
ticity of the material,while the constant m
remains at approximatelly 0.5 [1] .

b-Surface finish arnd lay orientation: The rdughness
of the surfacc of a given material depends on the
machining process and cutting conditiong.Theore~
tical models of contact conditions have been con=~
sidered and the results showwd that the surface
stiffness is increased with the reduction in sur-
face roughness.Experimental investigation [2
using mild steel specimens showed thatl,the etiff-
ness is inversely proportional to-the surface
roughness,

c-Hardness:The effect of hardness on stiffness has
been Investigated using C.1 specimens at relativ-
ely low interface pressures.The results indicated
that the hardness had no effect on surface stiff-

-2-




ness.A similar investigation was carried out I3]which

—included different surface —finish and—contactstress
up to 160 W/mm~ .It appears that elastic stiffness
increases with decreased hardness.

d- Flatness deviation and surface size: In practice
the flatness deviation of a surface will increase
with the size of the surface.An investigation [4] on
mild steel specimens of counstant ares in the form of
an annulus, with different outside dimeters showed
that the flatness deviation is in¢reased with the
specimen.Recent work by Schofield [7] suggested that
the stiffness of large surface which were subjected
to flatness deviation,could be increased by the use
of rougher surfaces becouse it will be less sengi-
tive to flatness deviation.

2-Mathematical Model = .
It is apparent from *the factors discussed previously
thai the si.iiiuess would be proportional to the app=-
arent area of the contact surfaces provided that the
surfaces are flat.Therefore,the stiffness of a flat
joint can be determined directly from the dimensions
and the geometry of the joint contact surfaces.The
exponential relationship (1) between the normal st-
ress ~and the normal deflection may be used to com~
pute the normal stiffness,where;

¢, =OF /3§ = q'™ Ap/oem (4)

For hand-scraped contact joint syrface (cast-iron)
with h=6-8 um and z=2-3 Spots/cm® as usually used in
machine tools,the constant m may be taken about 0,5
and when one of the joint surfaces recessed(see
Fig.1),the normal stiffness may be calculated by the
following equation,

_ 0.5
Cn = 2 Gn . af.bf(1-Ra.Rb) /‘>< (5)

JOINT STIFFKroo UNDER SHEAR LOAD

Figure 1 shows the geonetrical model of the joint.
To derive the proposed mathematical model,it may be
assumed that,the deflection of the elements to be
connected is smaller than the joint shear deformation.
It may,therefore,be neglected.Bquation(2) presents
the linear relationship between the deformation and
applied shear stress,which may be calculated as;

G; - Fs / &F : (6)
Therefore,the shear stiffness of the joint may be
calculeted with the following linear equation;
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C,=F, / §g = Ay / K (7)

The factor K_ is dependent on the normal stress,
therefore, th8 shear stiffness may be calculated with
the follow1ng equation,

CS

agebpe 602 (1-R_.R)/R (8-a)

or, c

. [af.bf.F(1~Ra.RE) 1°:° /R (8-b)

Figures 2and 3 represent the relationship beiween
the shear stiffness and the joint recess ratios(R_,
).It can be seen that,the shear stiffness of th
cgnnected elements 1ﬂcreaues with the reduction of
the joint recess ratio.If the normal stress is con-
stant,the relatio is linear.It is clear also that,
the recess ratios Ra and Rb have no position effect

i

on the stiffness value.When the normal stress in the
joint increases through the decreasing of the Joint

area,the stiffness decreases gradually.At the cons-

tent Porce and R, =R, = 0.6 the decrease in the

stiffness value may be about 20% with respect to the
stiffness of a closed Jjoint,

TORSIONAL STIFFHESS OF THE JOINT

To derive the mathematical model which gives the
value of the torsional stiffness,the following ass-
umptions have been taken into consideration:
-No plastic deformation occurred in the cross-section
of the Jjointing surface due to the applied torsional
stress,i.e.all deformation are elastic.
~The resultant normal stress in the Jjointing surface
is equally distributed.
~The torsional deformation due to the shearing str-
ess in the jointing surface can be computed by the
relation(1) after Kirsanova [5] i.e. dy= J

Where, d, is the tangential deformation due to the
shear stiess in the jointing surface( pum.)

Figure 4 shows the elementary area( dA,=r.dr.dP ) of-
the jointing surface gubject to the torsional stress;
where, r is the radial distance of the elementary
area w.r.t. the torsional centroidal point.The tor-
sional moment aboul point O may be derived from
Pig.4 using the following expression;
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The magnitude of the torsional stréss 7, may depend

on the value of the tengential joint stiffness and
the displacement of the elementary area which sub-
ject to the shearing stress.This displacement is
dependent on the radiuvs r i.e.,

di (¥) = 2. H (10)
. Thus, the ftorsional stress can be computed as:
Ty =r. P, /K (11)

The values K, and ¢, are independent of the radius

r and the polar angle ¥ ,Therefore,by substituting
the value of T into Fq.(2) and integrating the
equation on thé jointing surface area,we have;

2T ~
M, = B, /K, .! 5f ro.dr.a¢ (12)

The integration represents a polar moment of inertis
of the joint area.Por the rectangular jointing sur-
face(as usually used in the machine tool joints)
with length a, and width b, (see FPig.1),the polar
moment of ine%tia can easily be computed as:

I, = ag.bylag + b§) /12 (13)

Accordingly,the torsional stiffness may be computed
by the following linear equation.

Cp =M, / ¢y = I, / K (14)
For the rectanguler jointing surface with & rectan-
gular recess(see Fig.1),the following mathematical
model may be useful to compute the stiffness.
. 0.5 2 2 .
Cy = Op .as b3 /12 R, [ap/be + by/ag
-RZ.RZ (R_.ap/R,.b 4R .b,/R .a.)]  (15)
Tgttb ettt/ b Th U Tattt
Or,at the constant normal force P is

2 2
~RS.RY (R_.a./Ry bo+Ry b /R .a.)] /12R

. (16)
Where; Ra = afi/af and Ry = bfi/bf .



DISCUSSION OF THE MODEL

Figure 5 shows the analysis of Eq.(15).It can be
seen that: ~

~ At the ratio be/ &, = 1(square jointing surface),
the torsional ~ '~ stiffness is minimum.

- At the ratio b,/ a, = 0.64 to 1.56 the torsional
stiffness is i&pro%ed only 10 % than the minimum,
ioeo a’t bf = af o

~ The size of the recess has no.effect on the posi--
“tion oftHe minimum-torsional-stiffness,but it - -
affects the stiffness magnitude . - -

The relationship between the towsional stiffness,

torsional moment and the geometrical parameters of
the jointing surface ( be,ap, R and Ry ) can also be

represented asshowen in Fig.6 for constant normal -

stress and in Pig.7 for constant normal force. At . . ... .

— constant normal stress and ratio. b./az equalk one - o
‘or two,the torsional stiffness. decreasés “when the

gsize of the Jjoint recess increases.Also,it can be

seen that,at the high retios of the R_ with low

ratios of the R, ,the forsionsl stiffnBss decrecases

slowly than witB high ratios of the Ry .

j;"At constant nprmel force I' (Fig.7),the decrease of

“the contact surface of the joint with the increaging
of the size of jointing recess produecs high normal
stress in the joint and therefore, the tangentisl
contact stiffness and the torsional stiffness are
increased.But, during the continued decreasing of
the torsional stiffness is decreased due to the de-
crease of the polar moment of dnertia.It can be seen
that,the torsional stiffnegs hasan optimum condition
occurs at the geom¥tric ratio bf/af =1 with the

jointing recess Ra=Rb::O.6.This optimum condition

has also tor$ional stiffness magnitude which is gre-
ater than that of the complete jointing surface
around 8.8% .At the high ratios of bf/af;x1, the

. optimum conditions of the torsional stiffness may be .. .
~stiXl at the small ratios of Rb and the high ratios = wa

of Ra.It con be seen that,the optimum condition for
the “case bf/af= 1,5 occurred at Ra::O,S end Ry= 0,5

and for the case bf/af =2 occurred at Ra = 1,0 and
Ry=0,4 .



CONCLUSION

The stiffness of the flat joint is greatly affected
by joint parameters; they are the loads, quality,.
geometry and dimensions of the jointing surface.The
joint recess has a pronounced effect on the joint
stiffness,it increases as the recess size increases.
Based on the results of this work,the following
optimum conditions may be recommended 't

- Tor the joint subject to the shear stress only;
The recess ratios Ra and Rb have no position eff-

ect on the stiffness magnitude.A closed joint has
the maximun stiffness value,but the designers may
better use R .= Ry = 0,6 to ‘reduce the difficul-

tieg in the joint produc*ion.In this case , the
gtiffness is decreased about 20 % .

- Tor the joint subject to the torsional moment;
1. Rectangular jointing surface gives betiter vai«
nes of the torsional stiffness at the ratio
O,64>bf/af> 1,56 .

2., At & constant normal stress with the ratio
bf/af=2,the torsional stiffness decreases with

the increase in the size of Jjointing recess,
3. At & constant normal force,the torsional stiff
ness has an opiimum conditions,w,r.t. the re-
cess size,They are:
-at bf/af=1,the recess ratio is R =Ry = 0,6

~at bf/af=1,5,the recess ratio is R, = 0,8
and Ry = 0.5 .
-at bf/af=2, the reces ratio is R= 1;R;=0,4 .

Results obtained from this work require an experi-
mental study to justify and confirm the computed
stiffness values.The effect of the elasticity,shear
mudulus and the surface quality on the shear constant
should be experimentally investigated.

NOMENCLATURE
Ap Joint area (mmz).
ap Length of the mating surface(mm).

ap;  Length of the jointing recess(mn).
be Width of the mating surface (mm).
pq Width of the jointing recess (mm).
¢ Normal stiffness (N/ um).
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¢ Shear stiffness (N/ um).

s
C, Torsional stiffness(N.m / urad.)
K, Shear constant (mmB/N}.
M, Torsional moment { N.m ).

Redial distance of the elementary arca(mm.).
Polar angle of the elementary arca(rad.)
Torsional angle of the Jjointing surface(rad.).

g9 % ¥
ot

Normal dcformation( pm.).

Js Shear deformation ( um.).

dy Torsional deformation ( ama.).
0 Shear stress (N/mmz).

On Normal stress (N/mmz).

T Torsional stress (N/mmg).
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C,.K

Torsional Stiffness

af.b

K= 12R/(af.
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FPig.5 The relationship between the torsional
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Fig. 7 The effect of recess size on the torsional
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