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This research paper represents a new situation where the
water surface in a reservoir is not stable, but is fluctusting,
1.8, the water preasure head in the reservoir is a function of
time. The analysis in this case starts with the two fundemental
waterhammer equations in terms of both the pressure head and
velocity. These two equations cabn be derived by solving the
dynamic equilibrium equation, in momentary fasbion, with the
continuity equation and then simplify and arrange the resultod
equations in applicable form. These two equations sxre based on
several basic assumptions. One of the most important assumption
is that the water level in the reservoir keeps constant during
the whole time of gate movements. For this resson, these equati-
ons are reatricted to such basic assumption and should be modif-
jed to fit the new situation, where "H" represents any time var-
iable function.

These two modified equations can be solved anslytically by
the method of cheracteristics using the computer facilities to
speed up the calgulations. 48 a result both the pressure and
the velocity can be determed during any time interval at any c¢f
the selected locations along the pipe. 8uitable incremental
time intervala are cerefully selected for each atep of solution.
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Another wsy of using the same modified equations, providing
aveilability of the gate movements equation, is the stepping wise
graphical procedure. In this instance, aslthough the curves (mos-
tly parsbolas) and lines will be more interfering than the case
of constant "H", but it maey be more understandable and easier to
follow, besides its flexibility and controlable features. Even-
though, for complex situations, analytical procedure applying
computer facllities becomes essentiasl and more efticient, at any

of the assigned locations for any selected number of time inter-
vals,

IY. INTRODUCTIONs

Waterhemmer has been always one of the serious problems in
the engineering practical field. Lately, waterhammer problem
occupied the interest of many research workers and anhanced grest
concern from variety of specialist engineers end planners along
with the care of producers, because of its numerous applications,
regardless of causes, the type of fluid or medias experiencing the
problem., Keeping in mind that waterhammer phenomenon ¢en happen
for water flow as well g8 for any other liquids or fluids includ-
ipng gages.

Generally speeking, in waterhammer anelysis, one basic fact
has to be recognised, that ist: the flow is unsteady and conseque-
ntly, the discharge at each section everywhere along the pipeline
is varying rapidly from one instant to the next, i.e. dg/dt = O,

30, rapid changes in pressure occur inside the pipe and Bernoulli's
equation is no longer appliceable. The sudden change in pressure
accomparies with change in the velocity too whi ch are inversally
proportional.

It wes assumed in most of what has been covered in paest lit-
erature in waterhemmer anelysis, 80 far, that the reservoir water
level remains constant during the gate movements as a function of
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time., If the water surface of the reservoir is compartively
large, such an esssumption (H = constant) in this case can be
vrovided with accepted sccuracy. The new case where the pres-
sure water head "H"™ is not constant can be found practically in
surge-tenks, filling process of the lock~chember creating nav-
igation problems, the upstream surface of reservoirs during the
flesh flood period, where the turbines units of the hydropower
plant will be experiencing flood waves action under fluctuating
working heads. One may also face a similar problem which may
leoad to an instantanious failure in any of the pumps in e wate-
rplant fed from such reservoirs or along a tide dem, where a
gimilar situastion may exist and a probable failure may take pl-
ece. 4lso, a consequence of such a problem is profitable when
en adopted solution for the new cagse would be applied to solve
the case of two reservoirs, with their water fluctuating, due
to any reasons, and these reservoirs are connected together
with a pipe~line. Here one can see variety of cases, such asi .
suddenly movement in a valve lies somewhere along the connect-

ing pipe, where the water surfsce in each reservoir fluctuates a
accoding to certain function, They may bave the some function

or with different periods, frequences and amplitudes or they

mey be matching in every thing.

One may also deal with the problem of not only two reserv-
oirs but group of feeding or collecting reservoirs, MNevertheless,
these kinds of problems, as they become more complicated, either
by using the same procedure sdding the new boundary c¢onditions
for each problem individually.

Moreover, pulsatile blood flow through distensible vessels,
veng cava, aorta, etc., where A = F(x, ¥, 2it), which can be
treated in a similar way taking into consideration the variation
of the size of each individual vessel with time, the branching
problem, flexibility of veasels walls, the properties of blood
a8 a viscous composite fluid, mechanism of the heart, etc. Ana-

logous study can be carried out oorrelating heart stroke (heart
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attack) problem with the hydraulic transient phencmenon after
indispensable modifications in the basic waterhammer equations
take place,

Actually, there 18 a broad field of studies for the diffe-

rent phases in the various applications of waterhammer problems;
some are solved or partly solved and many still not yet.

ITI, THE BASIC ASSUMPTIONS:

Before carrying out the analysis, the following basic assu-

mptions have to be teken into consideration, any additionsl assu-
mptions will be stated wherever they are stated.

1)

The elasticity of the pipe walls and the compressibility of
the fluid (water) under the action of pressure changes are

also taken into consideration.

2)

3)

4)

5)

6)

7)

The pipe-line remains full of water at all times i.e.:
the law of oontinuity holds.

The static pressure in the pipe is sufficiently high to
sustain the minimum pressure inside the pipe is in excess
of the vapor pressure of water.

The velocity of water in the axial direction of the pipe
is uniform over any cross section of the pipe is uniform
over apy orosa section of the pipse.

The pressure is uniform over any transverse c¢ross sec¢tion
which is the seme &8 that at the centerline of the pipe.

The water lsvel at the reservoir remains contatant during
each incremental period of investigation and during each
irdividual time interval the gate movement process is taking
place,

The pipe is of oonstant wall thickness.

The fluctuating function may take a sort of sinusiodal shape
or any repeating pattern.
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) The geomstrical characteristics and the boundery conditions
are introduced wherever they need to be implied,

)) The cases of sudden closure, gradual closure and so for
opening cases are treated seperately.

[V. THE MODIFIED EQUATIONS FOR THE WATERHAMMER PROBLIMS,
HAVING THE PRESSURE HEAD "H"™ VARIES WITH TIudE:

In the schematic sketch of Fig. (1) for nonfluctuating cone
dition and Fig. (2) for the fluctuating case, considering the
value is located at the end which is partielly closed suddenly
or opened instantaneously. This simple case shown in figuies
are selected for just a matter of convenience. Now, a sudden
change in both velocity and pressure oreate an "F" type pressure
wave running in the opposite direction of the initial flow velo=
city "' addvancing toward the rservoir in the positive "XI" -
direction " with a value egual to the velocity of pressure wave
C, which is the velocity of sound in water or the " celerity".

Upon reaching the reservoir this "F" wave will be reflected
back by the produced "f" type in the direction of negative "X -
direction" (refer to Fig. (2)).

Taking into consjideration the dynamic equilibrium of an
element and solving the momentum equation with the continuity
equation, in unsteady flow fushion, for an incremental time inte-
rval " At", ope can get the fundementsl waterhammer equations
derived in case the water level in the reservoir is constant in
their final form, after necesssry eimplifications, as follows
(refer to hefs, 24 & 25, etc.).

H."'H.o =F(t"—é-)+f(t+_§-). s e st rU Y b (1)
and

V—VO =—(—%—) F(t-"}'é) -f(t"'_%-) LR NN I ] (2)
in which:

Ho and VO: are the pressure head and the velocity in the
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“plpe at the initial steady state condition,
H and Vi are pressure head and veleocity at transient condition,

x t the diatance which is mezgured positive on the “X -

direction"”, i.e. from the value along the pipe toward
the reservoir,

t 1 the time megsusred from the begining of value wovement,
and
C ¢ tho velocity of pressure wave

=r(xxf) / (1 + 7251)/14:1‘;'), where

K1 the modulus of elzsticity of water,

Et the modulus of elasticity of pipe walls,

f? the water density,

tt the pipe wgll thicknessa, and

TL: a coefficient (always less thsn unity) related to
Poissont's ratio and the manrner in which the pipe is
fixed or held in plsce, consldering both latersl =nd
longitudinal deformations., “7" can be assumed unity

on the sgefe side, other valueg are tabulated in
references.

F t A Pressure wave travelling in the positive "X-direction",
and

T : A Pressure wave travelling in the negotive "X-directior".

tiow, if the water level of the reservolr fluctuates; so,
instead of having "H" in our first equations (1) snd (2), HLLt)
will replace il 1in which L i8 the total length of the pipe, "x" is

gn 8lement of "L", and “HL“ for the new case becomas m function
- of time "Mt",

30, equations {1) and (2) will be as followst

(1) At x = L, 1.0, at the reservoiri

HL(t) - HO a F(t - —%’—) + £(t + "'g-); and sesesnvuayg (3)

v - Vo = - £ F(t-—-—g—)-f(t +—§-) evrens ()
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( 1) At X = °| 1.6, et the EEEQ H

H(t) - Ho 2 F(t) + f(t). &nd sesvssarssEND (5)

vo-v, .--g—'[ F(t) -f(t)] ernennees (6)

Putting (t - L) instead of (t) in equations (3) and (4) aa
1 1lowss

HL(t - -%_) - Ho = F (t - gL ) + f(t) oo-;Ol or

£(t) = H_ (t - -%-) - Hy = F(t -—‘%I'-—) 7)

Bubstituting from equation (7) into equatious (5) and (€),
hens L L
< .
H(t) = Bo = F(%) + HL(t -—C—) - HO ~F(t - T)o. 8)

L : 2L,
v -Vo-.---g—[ F(t) -HL(t-T)+H°+F(t-T)] (9)

In general, at any point where x = x, equationa (3) and (&)
v 11 bey

X L X el x
H(t) - Ho = F(t+-'c")+HL(t -+ T) =H -F(t - T+-c-) (10)
L
V-Vo z - —g— [F(t - -—)-HL(t -5 —-)+H +F('b--— +-—)] (11)
According to the schematic sketch of Fig. (2) and aessuming
t at the relationship between the pressure head "H" and the time
' " is reprecented in the fcllowing shifted sinusiodal equationt

Hy (4) e H, + AH, sin (7T t/2), them

t a8aca, ! 0 1 ’ 2 2 4 5 esy 8tC,
bome $ Hy (H°+ AH) H, (H=- 4 H) Hy (H°+ AH).., otc.
} m. 1 100 110 100 . 90 100 110 XY ate.,

St b s st i bty etc.

( f for Ex.s H, = 100 and H = 10 n, say). (mtetands for equiva-
1 nt meters).
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V. THE LODIFIED WATERHAMMER EQUATIONS FOR SUDDEN VALVE CLOSUKE,

(t

S W Y S ek o S W . P i L R N A g Sy S SR A W A S S A o — o ——

L 2L/C), AT THE GATE.

——fetaa ————

(N.B,

$ tc 18 the clusure time of valve or gate).
Equation (8) turns to:

H(t) - Ho = F(t) + HL (t - -%-) - HO Tesnsnsey (12)
Also, equation (9) turnsd to:
V-V, = - —%— [ F(t) = Hp (t - —-2,—) + HO] ceeeesnss (13)

Eliminating F(t), theny | L
H(t) -~ H, = (Cre)(Vy = V) + 2 [.HL(t - —E-)- Ho] .o (14)

Jugt for the sake of comparison, equations (1) and (2), where

two equations at the gate and for t, < 2L/C, and since there is
no time to have the "f" reflected toward the vealue yet,

thent

f(t-n-—’é-):

Consequently, the pudden rise in pressure and corresponding

velooity in the pipe adjacent to the gate at the immtant of gate
closure will have the following modified equations derived from
equations (1) and (2)3

wo et

H-HOBF(t-—&")l sessennseen (15)
C
B X
V"'vo'—""'T[F(t-T)] FEEEEEREEER] (16)
Solving the above two equations (15) & (18) in (H ~- Ho).
C C
H"'Ho:-—é'-(vﬁvo) =T(VO-V), [ A A N A (l?)

or AH =-§-—( AV), | vererenrees (18)
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In which " AV" is the change in velocity of water at the
;ate at the instant the gate movement is completed due to a cha-
nge in pressure equivelent to " AE". Keeping in mind that they
have positive sign for the closing case, as V, > V, and negative
slgn for the suddenly opening case.

Then, comparing equations (17) or (18) with equation (14),
we deduce thats because of the fluctuation of the water in the
reservoir, the pressure change at x = ¢ (at the gate), at any
time "t" is larger by TWICE the change of pressure gt time (L/C)
before en elapsed time "t", i.e. at time (t - =)'  This is

compered with the pressure change when the water level in the
reservoir is always constant during the gste movement, i.e.:
C

QH = - s AV

g + 2 AH

t=0— =0~ \t-':O—c-
L

t=t t=t . t=t- <

Sasnasae (19)

For complete closure of the valve and if
V=o0att=1t, equation (14) will be:
. _ L : '
H (tc) - HO = (C VO/S) + Z[HL(tC -T) - HO] tesesbsae (20)

OI':AH = (C.VO/E) + 2 &HhH *seseen e (21)

t=0— t=0 s

_ _ L
t=t, t=t, - &

One can notice that equations (14) and (20) are for the
liwiving conditions, and at x = o, while during the operating
time cf the gate, i.e. when 0 <%t %, equations (14) and (20)
canh be arranged as followss

Let "As“ be the gate opening a¥ any instant, and "4" be the
full sectional area of the pipe. ™A' is assumed constant for
convenience. Now, if “Cd“ 18 the coefficient of discharge through
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the gwate for ony optional opening; then, the orifice ecguation
becumes in its general form as followsas

V-.:Cd. (iﬁ_)- ’28H=cdo)\’26H sSeaveanveae (22)

Thonr, substituting by the value of "V" in equations (14) and
(20) from equation (22), one can get the following expression:

B (t) - kg = (-sc--) v, - cd."k o Jes H) 4 2 [HL(t- —%-)-Ho] (23)

The above equation can be simplified and rearranged such that
we can put "H"™ in terms of the other terms t¢ becomes .

Cv :
nA() - [no +(=2)+(0%.0%. Werea {Hy(t - —{g-)-ﬂoﬂ . 2H(t)

L 2
+ [Ho + (C.Vo/g)+2 {HL(t - T) - HO}] =0

Solving for H at time t, (H(t)), one can get:
HQE) = [H°+(C.Vo/g)+(02.02. * sg)+e {H (- <) - Hoﬂ

: }é\[[ﬂo +(0V /846202, Ngye2{ b (b - 55 _Houa .
¥
-4 [H°+(0.V°/E)+ a%L(t - -%‘—) - 1-103 ]2] ceveeel28)

But from eguationz (14) and (20), we found that:

H{t) 15}‘}% +(0.V/g)+ 2 iHL(t - —é'—) - Ho¥] '

thent
H(t)

[H + (C.V /S)+(C".Cd )/5)1-2{111‘(1:— ——) - H ]

el
m-i{ +{(C.V /g)+(02.0d- )/3)4'2{ L(t - C)- H ]

-4 [Ho +(C.V /B)+2 {Ho(t - —5-) - Ho}] :H erseee(25)
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3y usir: the above eduation. (25), we can solve the pressure
3ad "U" yt the pLate at any location at any time interval, in
3rms ofy

Ho» H(t - %"—), Vo for given C, Cd' kg' A and g.

S ———— T oie B T i e S T S Sy S ——— A —— — oty B —

A g —— T — T — e vl "l . ——

Such a problem can be treated us followss
Jase At Duriny the time "t"_where (0 < t & 2L/C):
The procedure will be just similar to the previous
case, where both the pressure and the velocity car be
obtained st any time t £ 2L/C. PFor instance, gubstit-
uting for t=1.0 sec. (mssuuing 1.0 sec. is less than
2L/C), the pressure at the valve will be:

H{1)

1

[rio+(c.vo/g)+(c‘2.c§. ’).e/g)+2{H(t1 - =) - H°S]
2
}fz[{ﬂo+(c.voxg)+c‘?c§. 22 H(t,- —%—)—Ho}}

%
4 [Ho+(C.VO/g)+2 iHo(tl - ‘%"’)-Ho}]a ]] ’

..-ooa--(tl.':IQO EQC.)

In casae if (L/C = 1.0 Sec.), thens
(1) = [ﬁo +(C.V /8)+ (C2.CE ’)\/g] -% [[Ho +(CV, /6) +

CE.C‘é. ')\/gg ° -4 1H0+(C.Vo/g)}2ﬂ *
ceessnennsa(20)

Case (B): Duriog the period (0 <Lt 2> L/C)

Tho procedure for such a casse can be accomplished by
susting case (A), discussed previously, in the form:

( 1=-1)(el/C) _(. t <3i(2L/¢), in which 1" can be any integer

nuster equivalent to the number of turns, say, taking each tuin
= dL/C.
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Now, let "t™" be expressed ast
t = ti_l + (2L/C).
Then introducing "i" in esguation (3), thens
. - L L
Hi - HO = F(ti) -F(ti -2 T) + RL(ti - ‘_c—) - HO taenae (27)

(noticing that 4" will be = 1.0 1f t = 2L/C, this can be
obviously verified).

Again, applying equation (27) for sucessive "i" g, we et
the following:

fn

Eor "L = 1% Hy = H = F(t))-Fy(ty - 2 —F-)+H (6; = —5)-H,

F(t1)-F (0) SHE(b; - =) Hg
= F(t)) +H(6) = —H=)-Hy

For "i" = 21 Hy = H, = F(ty)-F (t, - 2 -—3—)+HL(t2 - -%—)-uo

Thens . H, - H

=
o]
I

Tor 74" = 3 ¢ Hy - H, F(ti)-F (t; - 2 *%-)+HL(t3 - *%-)'Ho

thsses st AT RIS L) eto.
H ~H_ = F(T y=F(t -2 )+l (b, - f )= H
(1-1) "o (1-1) (1-1)7¢€ T " TULV(4-1) o
“ L

By = Hy = Flyy) - F(yy - 2 4 + Hy (tm—) - H,

(NB.t b = 2 £ - t, = 0, t,-2 ¥ = £ty -2 %+ - Baresey otc)

In gddition to the above, we deduce that:

Hl'l'H 5‘.' 0 e a2e + Hi = F(ti)‘l' %-_; HL(tl '%‘)
s i=4
or it Hi = F(ti) + E HL(ti --é") .......-.(Ed)

Similarly, for the velocity, using equation (9), one cen gets
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vV, = - £ [F(ti)-ﬁL(ti - 3+ iy + F(t,- 2 —]5—)] vees(29)

or F(ty)= - —g:- (V) = V)=F(t, = 2 —§-)+Hp(ty= —F)=H_  +u.0(30)

Then substituting for F(ti) of equation (30) into equation
(27), one can gets

BB, = + -é;q-(vo-vi)- 2F(t, - 2 -%‘—)», 2 [HL(ti - —é‘-)-uo] cees(31)

Equation (31) can be simplified by solving with equation
(e8) to gets

- i=1
L _ L
F(ti -2 T) = H1+H2+H5+ e o5 o +H(ti -2 -5)- 21:1:
L N
HL(ti - T)"cccooou-t-oo (92)
Thus, using equation (31) and in a similar manner, one can

gets
hy=Bo= 4 —%—(vo-vi)-a [H tHoplires oo oes B(E = 2 =)

172 3
g= L L
—§ hL(ti - G ) + HL(ti - "'C_) - l’iO]oocctoooooo (_53)

or, finally,

" = i1=4
SR A I an R (RIS s ?
ni—H°-+ e (Vo Vi) 2 e (Hi H°)+2 — [HL(t- _U—)-“é]

sseueensae (24)

From sll the above expressions, eqdation (29) presents a
solution for the veloc¢ity, and equation (31) present n solution
for tie pressure. Also, equation (34) gives a solution for both
the pressure gnd the velocity at any of the time intervals "ti".
The sclutions of these equations and the analytical evaluation
of the variables involved cap be readily carried out by using
computer opergtional system.
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“IT. COMJLUSICHS:

A o — T ——

[
i

Solution of vast variety of waterhammer problems becomee
vitally important covering the fluctuating csses which showed
pregt extent of spplications. The presented resegrch psper
cshowed definite solutions for the waterhammer analysis in Lcoth
tne gudden closure and slower gate movement while wamter in thc
supplying reservoir is fluctuatirny matching any sort of sinusic-
dal function according to any cause,

In order to solve for both the prossure and the vel ity
at any location for any selected time interval, the presseuted
enuations are capable to do the job taking into considerstior
the boundary conditions for the identified case.

Moreover, the necesgslty of using computer facllities beco-
mes espentlul to easy up the solution. Eithoer the wethod of
~iiaracteristics or the impedance method is Buggestéd A8 an elie-
1tical procedure in this repard. Computer techniques becong
very handy end greetly needed especislly when the situation
vets complicated or in cases of naving an existing complex . t-
2rliammer probiem.

Rearrranging the ebove presented eqguations in terms of the
varintlion in both presaure und velocity at definlte time inter-
7alg, graphical anslysis can be done too, taklng into consider:-
tlon the gaete's movement equation. Eventhough, combiniup both
procedures will be profitable and very fruitful.

In addition, the presented enslysis showed that pipes
axperiencing ring teneion stresses due to the sudden rise o
pozitlve pressurs during the suddenlygate closure movemernt.
Miile on the other hand, pipe wall sre experiencing sudden wvin
compression due to rapid opening case.

The worst case for pipe wall stresses is thst 17 clesing
and opering operations hsppen in sgeries. 49 a result, ths pije
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..~ in this case will be subjscted to a severe fatigue stressen,

18

na waterhpomer fajlure of material that withstand such inte-

ft 1s recomnended to construct all plpes expected to exper-

rrngl dynemic stresses, besides providing sell sort of precauticng

12

lesann the eflect of extra pressure and absorb excess strep-

irs or any weans of releasing surplus prassures.
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