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ABSTRACT

A new 2D analysis of light for computing the Mach number distribution in a flow
field from Schlieren images taken across the shock wave and expansion zone is proposed
and verified by a 2D numerical computation. Specially, inserting experimental measuring
sensors inside shock wave zone and associated flow field is difficult, Across the shock
wave, the pressure and density of the fluid change at extremely high rates, which affect
the light refraction. The intensity of the Schlieren light is a finction of the medium
density, which is a function of the light ray path position. The contrast of each pixel is
determined by analyzing the image. The equations of Schlieren intensity light are
derivated to be a function of Mach number. These functions are applied on an image of

shockwave around hemisphere-cylinder at M=1.96.
To verify the results two-dimensional Navier-Stokes equations and conservation
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of energy equation are used to model the flow field and determine Mach number
distribution around a hemisphere-cylinder of the supersonic flow, shock waves and
associated flow field at the same previous conditions. The governing equations are
discretized on a structured grid using an upwind difference scheme. The computational
and experimental results show that there is a good matching in the iso-contour of the
Mach number with difference less than 3%. The new proposed technique successfully
represents the upstream region, the shock wave region, the subsonic region and the
expansion fan region. This difference may be due to the noise in the image. This noise
can be eliminated if Schlieren light received directly on a CCD camera. The results show
that this analysis can be applied for both bright and dark regions of the Schlieren image
with correcting the phase shift in the dark area. This optical technique has the advantages
of optical measurements. This optical technique has all the advantages of optical
measurements as does not disturb the flow and the high sensitivity to capture rapid
variation.
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NOMENCLATURE

ao, b, dimensions of light at conjugate focus m

a;, by dimensions of light source m

Co speed of light m/s

C Gladstone-Dale constant

C1,C5C; constants

Jfi. f2 focal length of lens m

Iz illumination at a position x, y of the image of disturbed field with knife-edge

L illumination at a position x, y of the image of undisturbed field with knife-edge

1y illumination at a position x, y of the image without knife-edge
k the ratio of specific heats

L,L,L the focus lenses m

M Mach number

n index of refraction of a homogeneous transparent medivm
AZ  deviation distance m
GREEK LETTERS

o ray deflection angle in air outside test section degree
o ray deflection angle in air without test section degree
B Angle defined in Fig. 2 degree
) tuming flow angle across shockwave degree
p  density kg/m’
G angle of shockwave to incoming flow degree
At interval time s
SUFFIXES

a ambient air outside test section

e element

0 standard condition

8 stagnation
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1. INTRODUCTION

The Schlieren technique i1s a well-known optical method that depends on the
variation of the index of refraction in a transparent medium, Schlichting (1968).
Schlieren system is set to indicate variations in the first derivative (normal to the light
beam) of the index of refraction. Boundary layers were observed by many authors in air
and water or with liquid jet injection, Johnson and Sreenivasan (1993). Schlieren images
have also been used to quantify density variations. The relation between density gradients
and refraction index is presented according to Lorenz — Lorentz relation.

an _1=c0ns[ (1)
pr+2
when » = [, this reduces to the Gladstone-Dale equation, Goldstein (1996).
n-t_ C )
Je)

which holds quite well for gases. The constant C, called the Gladstone-Dale constant. It
is a function of the particular gas and varies slightly with wavelength. The first
derivative {with respect to 3} relative to standard condition is determined as.

op 18n _ p, On

O Co n—l 3)
The relation between the refraction angle and the gradient of the refraction index in an
inhomogeneous medium is demonstrated in Fig. 1. Index of refraction varfes (for
simplicity) only in the y direction. The local value of the speed of light is ¢i/n. Two rays
in the beam will travel different distances according to the schematic drawing in Fig. 1. It
is assuming that only small deviation occurs, the distance AZ that the light beam travels
during time interval At is:

AZ=c,. At/n (4)
_A(AZ)
ANZ= AZ ~AZ = Ay Ay (5-a)
or
Nz, AR s (5-b)
The angular deflection of the ray i3
2
ae X7 A(l/n)AZ ®)
Ay Ay

In the limit, Ay and AZ are considered very small or small deflections.  If the entering
angle is zero, the exit angle of the test region is

a' = 1 a” Q(JD”) (7)

If the test reglon is enclosed by glass walls and the index of refraction’ within the test
section is different from that of the ambient air n, then from Snell's law, an additional
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angular deflection is present. If & is the angle of the light beam after it has passed through
the test section and emerged into the surrounding air,

n,sing = nsina’ (8)
n, <oy
Since n, = 1
on
a=|—dz (10)
'[ay

The Schlieren system is basically a device to measure or indicate the refraction angle o,
typically of the order of 10%-10 rad, as a function of position in the xy plane normal to
the light beam. A schematic of the system is shown in Fig. 2. It consists of a light source,
which is generally assumed to be rectangular (of dimensions a,, by &,,) and at the focus
of lens L. It provides a parallel light beam entering the field of disturbance in the test
section. (Crosshatched lines indicate the deflected rays, when disturbance is present. A
second lens L, at its foeus a knife edge is placed, collects the light. The light then passes
onto a screen located at the conjugate focus of the lens. If no disturbance is present, the
light beam at the foeus of L;, would be as shown in Fig. 3, with dimensions a, by &,,
which are related to the initial dimensions by

4@ _b _f

a5 ) b_,r B S (1)
The knife-edge should be adjusted, when no disturbance is present, that a;=a,/2. The
illumnination at the screen when no knife-edge is present is [,, and with the knife-edge is
inserted in the focal plane, the illumination is

I, = &4 I, (12)
If the light beam at a position ¥, y in the test region is deflected by an angle o, then from
Fig. 2, the image of the source coming from that position will be shifted at the knife-edge
by an amount

Aa=tfia (13)
where the sign is determined by the orientation of the knife-edge; it is positive when o> 0
gives Ag > 0, and negative if the knife-edge is reversed, so that a< 0 leads to Aa< 0.
From Fig. 2 and 3 the illumination at the image of position x, y on the screen will be

L=l ak+Aa=1&[1+£]

273 a,

(14)
Where Aa is positive if the light is deflected away from the knife-edge, and negative if
the light is deflected toward the knife-edge. The relative intensity or contrast is

con#ast:éiziﬁ!_"_:éﬁ:ifz_ (15)
]k fk a, a, X
Combining Eqns. (9) and (15), one obtains
—A;[- = fl I.a_’ldz (16)
oy

Ik akna

Caontrast =




Mansoura Engineering Journal, (MEJ), Vo). 28, No. 1, March 2003. M. 24

Assuming a two-dimensional flow field with a%y constant at given x, y position over

the length L in the z direction

Al
Commst=—=i—fi§£,[ (17
{, an, oy
If the deflection is toward the knife-edge, the field will darken and the contrast will be
negative. It will be positive if y<0. For a gas, Eqn. (17) can be rewritten using Eqn. (3).

-1
A _y S %m10p, (18)
Ik akna pO @/
when n, =1
ﬁ‘i;g_-_i%'i__la_pL (19)

p a, Py ¥

Turnbull et al (1993) developed quantitative laser Schlieren technique to measure
the change in neutral gas density inside a spark gap switch after break down. In another
application Zanelli et al (1993) used guantitative Schlieren of the beam forming for
therapy with high intensity focused ultrasound. Another variation of Schlieren flow
visualization a tricolored filter pattern made up of concentric rings is used instead of a
knife-edge at the cut-off plane. Oren and et al (1988) used this method to examine both
premixed and diffusion flames in an unsteady swirling flow within a cylinder.

Quantitative visualization of the images of cold swirl jet flow was presented by,
Mostafa et al (1996). The non-reacting jet flow field structure was determined from gray
scale images of a laser sheet light scattered by stmoke particles introduced into the main
jet. Because the light intensity is a measure of the dispersion of fluid from the jet {(nozzle
fluid), it 15 a measure of mass transfer. Mostafa and Vandsburger (1998) applied
quantitative flow visualization to determine jet flame structure and mixing regions. In this
application, the light contrast from color images was used to set iso-intensity contour
maps of the flame chemiluminescence and soot luminosity regions.

In the present research, a 2D analysis for computing the Mach number
distribution in a flow field using Schlieren images across a shock wave in supersonic and
high subsonic are described. Quantitative Schlieren images in each pixel are used to
provide the level of light beam intensity. The equations of Schlieren intensity light are
derivated to be function of Mach number. The present proposed technique was applied
deterrnine the velocities flow field using Schlieren image of shockwave around a
hemisphere-cylinder at M=1.96, Van Dyke (1982). For venfying the results a 2D
numerical computation with Navier-Stokes equations and conservation of energy
equation are used to model the supersonic flow, shock waves and associated flow field at
the same previous conditions. The governing equations are discretized on a structured
grid using an upwind difference scheme.

2. THEORETICAL APPROACH ) .

Across the shock wave, the pressure and density of the fluid change at extremely
high rates. These rates are so high that they significantly affect the light refraction. The
intensity of the Schiieren light is a function of the medium density, which'is @ function
of the light ray contrast, By integrating Eqn. 18§ along an element in the y direction,



M. 25 Nabil H. Mostafa

assuming that the variation is only in y direction, the contrast over one element (AJy/k)
will be

Moy b mly e (20)
1, an, Py

where C; is a shift of contrast depending upon the method of digitizing the picture. By

normalizing the image to the highest light contrast ratic, then

A,

s Gl fo ),y @1)

e

]k i akna pO
where C; is a constant,
For an isentropic process in an ideal gas, the density at any element, p,, is related to the

stagnation density, p,, and Mach number, M, with the following relation

v
o, =ps(1+%—lM1] 02)

Combining Eqns. 21 and 22 gives a relation between the normalized light intensity ratio
and Mach number.

LT N i S(1+" Lpy e (23)
I an,
then
Ay e e Kt ary (24)
k
where €, =+ 2.7 (25)
an, pfy

To relate the corresponding image to Mach number, t.he image is divided to
pixels. The image is read pixel by pixel. The contrast at each pixel is determined. Each
group of pixels is then binded to create elements or "super pixels”, which represent an
integrated area. The binding increases the signal ‘o noise ratio at the expense of spatial
resolution. A normalized light intensity ratio [Al/l;], is then obtained relative to the
maximum light intensity. At least one initial condition is needed at each region
(upstream region) in order to determine C3. The local Mach number can be computed at
each element in the domain. In case of oblique shock wave the stagnation density
changes after the shock waves, so, it is needed to determine the Mach number just after
the shock wave from the shock relations, M (Shapiro, 1953).

1+%M,2 sin’ o

kMl sin’ 0'——;1—

Mlsin*(c-8)=

(26)

where ¢ angle of shock wave to incoming flow. The turning flow angle across shock 8

has a relation with ¢ and the upstream Mach number before the shock wave, M.
ans = MI sinZ2o —2coto @7)
M (k+cos2o)+2

From Eqns. (26) and (27) Mach number just after the shock wave can be calculated as a
function of the upstream Mach number, M, and the shock angles across each horizontal
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element. Assurning constant stagnation density in the horizontal direction after the shock
wave, Eqn. (24) can be used to determine the local Mach number in each element at the

€Xpansion zone.

3- GRID STRUCTURE AND BOUNDARY CONDITIONS FOR NUMERICAL SOLUTION

To venfy the results of 2D Schlieren lhight analysis, two-dimensional Navier-
Stokes equations and conservation of energy equation are used to model the flow field
around a hemisphere-cylinder for the supersonic flow, shock waves and associated flow
using CFDRC, (2000). The governing equations are discretized on a structured grid using
an upwind difference scheme. The structure grids are symmetry around X- axis. The
symmetrical half of the structure grids are divided into three blocks around the
hemisphere-cylinder each have about 80x50 grid points as shown in Fig. 4. The total
number of cells is 8910. This uses the multiblock system. The grids are clustered near
the body to sclve the fluid interaction. The length of the grid in physical domain is about
sixteen of cylinder diameter. The upstream boundary conditions are at Mach number 1.96
and the temperature is 300 K. The downstream boundary conditions are atmospheric
pressure. Fluids in all blocks are completely air.

4- RESULTS AND DISCUSSION

In this quantitative study, the standard Schlieren images are analyzed to determine
the normalized contrast intensity ratio. The Mach number is computed as a function of
density and the normalized contrast intensity ratio.

Figure 5 shows Schlieren image of a hemisphere-cylinder at M=1.96 which was
obtained by Van Dyke (1982). The Schlieren knife-edge is horizontal to show the
boundary layer on the cylinder. The Reynolds number is 82,000 based on nose radius.
There is no evidence of separation at the sphere-cylinder junctwe. Two windows are
selected, one in the bright region and one in the dark region as shown by the dotted lines
in Fig. 5. These two images are digitized and analyzed in Figs. 6 and 7. These figures
show the normalized contrast intensity ratio integrated over 8x8 pixels area. The
comparison between these two figures indicates that there 1s a phase shift change due to
knife-edge and light source position.

From upstream Mach number before the shock wave and the nomalized contrast
intensity ratio the constant, (3, is determined from Eqn. 24. Assuming constant stagnation
density at each horizontal line before the shock wave, the constant, ('3 has the same value
before the shock wave at these elements. By using the local normalized contrast intensity
ratio, after removing the phase shift, the Mach number at each element of the domain
before shockwave is determined and shown in Figs. 8, 9. The Mach number just after the
shock wave can be determined from the upstream Mach number and the shock wave
angles, which determined from the shock relations, Eqns. 26, and 27. From the Mach
number after the shock wave with the normalized contrast intensity ratio the constant, Cy,
is determined at each horizontal line. Assuming constant stagnation density in the
horizontal direction after the shock wave, Eqn. (24) can be used to determine the local
Mach number in each element at the expansion zone. By using the local normalized
contrast ténsity ratio, after removing the phase shift, the Mach number at each element
of the domain is determined and shown in Fig. 8 for the upper. half of the hemisphere
cylinder. Figure 9 represents the Mach number distribution of the lower half of the
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hemisphere cylinder. These two figures successfully represent the upstream region, the
shock wave region, the subsonic region and the expansion fan region. It is clear that there
is re-expansion after the shock wave. Figures 8 and 9 are approximately similar due to the
symmetry of the hemisphere c¢ylinder. The values of the Mach number after the shock
waves are not identical after the shock wave in both sides. This may be due to noise in
the lower part image even upstream of the shock as shown in Fig. 5.

To verify the results two-dimensional Navier-Stokes equation and conservation of
energy equation are used to mode! the flow field and determine Mach number distribution
around hemisphere-cylinder of the supersonic flow, shock waves and associated flow
field at the same previous conditions.

Figures 10, 11, 12 and 13 demonstrate the numerical results of pressure, total
pressure, temperature and density contours, respectively, around a hemisphere sheet with
the same upstream condition. The iso-contowrs of pressure, temperature and density have
the same trend of the shape of shock wave. The total pressure has the same trend around
the nose only. Figwe 14 demonstrates the numerical results of Mach number contours
around a hemisphere sheet with the same upstream condition. [t gives the same previous
distribution of, the shock wave region, the subscnic region and the expansion fan region,
which were in the image analysis results. The computational and experimental results
show that there is a good matching in the iso-contour of the Mach number shown in
Figs.9 and 14. The difference between image analysis and numerical computational
results is due to a noise in the image. The difference between them is up to 3%. This
noise can be eliminated if Schlieren light received directly on a CCD camera. Thus, the
image analysis technique is successfully represents the upstream region, the shock wave
region, the subsonic region and the expansion fan region.

5- Conclusion

This technique uses the standard Schlieren image successfully to compute the local
Mach number. The technique successfully represents the upstream region, the shock wave
region, the subsonic region and the expansion fan region. The proposed technique for
obtaining flow field from Schlieren flow visualization is valid for both bright and dark
regions with correction of the phase shift in the dark area.

The two-dimensional Navier-Stokes equations and conservation of energy equation
are modeled the flow field and determined Mach number distribution around hemisphere-
cylinder of the supersonic flow, shock waves and associated flow field for the same
previous conditions.

The computational and experimental results show that there is a good matching in
the iso-contour of the Mach number. The difference between image analysis and
numerical computational results may be due to a noise in the image. The difference
between them is less than to 3%. This noise can be eliminated if Schlieren light received
directly on a CCD camera. This optical technique has all the advantages of optical
measurements as the absence of an instrument probe, especially in this application of
shock wave. The light beam can also be considered inertialess, so that very rapid
transitions can be captured. The technique is simple for computing the velocity in the
domain of shock wave and expansion zones.
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Fig. (4) 2D symmetrical structure grid.

Fig. 5 Schlieren image of hemisphere-cylinder at M=1.96
{Van Dyke, 1982).
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Fig. 6 Normalized contrast intensity al the upper side of the hemisphere-cylinder.
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Fig. 7 Normalized contrast intensity at the lower side of the hemisphere-cylinder.
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Fig. 8 Mach number at the upper side of the hemisphere-cylinder.
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Fig. 9 Mach number at the lower side of the hemisphere-cylinder.
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Fig. 10 Numerical pressure distribution at the upper side
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Fig. 11 Numerical total pressure distribution at the upper side
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Fig. 12 Numerical temperature distribution at the upper side
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